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Abstract. Given a smooth prime Fano threefold X of genus 7 we consider its homolog- 
ically projectively dual curve F and the natural integral functor : T>^(X) — > D''(F). 

We prove that, for d > 6, gives a birational map from a component of the moduli 
scheme Mx(2, 1, d) of rank 2 stable sheaves on X with ci = 1, C2 = (i to a generically 
smooth (2 d— 9)-dimensional component of the Brill-Noether variety W^^^^^^_2^ of stable 
vector bundles on F of rank d — 5 and degree 5 d — 24 with at least 2 d — 10 sections. 

This map turns out to be an isomorphism for d = 6, and the moduli space Mx(2, 1, 6) 
is fine. For general X, this moduli space is a smooth irreducible threefold. 



1. Introduction 

Let X be a smooth complex projective variety of dimension 3, with Picard number one, 
and assume that the anticanonical divisor Kx is ample. Then X is called a Fano threefold, 
and one defines the index ix of X as the greatest integer i such that —Kx/i lies in Pic{X). 
We are interested in the Maruyama moduli scheme Mx(2,ci,C2) of semistable sheaves of 
rank 2 and Chern classes ci, C2, and with C3 = 0, defined on a Fano threefold X. 

The maximum value of ix is 4, and in this case X must be isomorphic to P^. The study 
of the moduli space Mps (2, ci, C2) was pioneered by Barth in |Bar77| . and pursued later by 
several authors. Roughly speaking, the main questions concern rationality, irreducibility and 
smoothness of these moduli spaces; many of them are still open. Among the main tools 
to study the problem, we recall monads and Bcilinson's theorem, see |BH78) , |Bei78) and 
|USS80j . 

The next case is ix — 3. Then X has to be isomorphic to a quadric hypersurface. This 
case was considered by Ein and Sols ([ES84 ) and later by Ottaviani and Szurek, see [OS94] . 

In the case ix = 2, there are 5 deformation classes of Fano threefolds as it results from 
Iskovskikh's classification, see |IP99j . Perhaps the most studied among them is the cubic 
hypersurface V3 in P^. The geometry of these threefolds is deeply linked to the properties 
of the families of curves they contain. A cornerstone in this sense is the paper [CG72] of 
Clemens and Griffiths on V3. For a survey of results about moduli spaces of vector bundles 
on V3 we refer to |Bea02| . In particular we mention (DruOO) . jMTOl) and |BMR94| . 

In the case ix = 1, we say that A is a prime Fano threefold. Then, one defines the genus 
of X as the integer g — —K\/2 + 1. The genus satisfies 2<5<12,5^11, and there are 10 
deformation classes of prime Fano threefolds. Their birational geometry has been extensively 
studied as well, see |IP99j . The geometry of the moduli spaces of rank 2 vector bundles on 
X has been more recently investigated by several authors, for instance in the papers [IMOObj 
(for genus 3), |IM04a| . |IM07cj (for genus 7), piOT] . [IMOOaj (for genus 8), [IR03] (for genus 
9), |AF06) (for genus 12). Among the main tools we mention the Abel-Jacobi map and 
Serre's correspondence between rank 2 vector bundles and curves contained in X. 
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The purpose of the present paper is to investigate the properties of the moduU spaces of 
rank 2 bundles on a smooth prime Fano threefold X, making use of homological methods. We 
first observe that (under a mild generality assumption on X), given any integer d > g/2 + 1, 
the moduli space Mx(2, 1, d) contains a generically smooth component M{d) of dimension 
2 d—g — 2, such that its general element F is a stable locally free sheaf with {X, F{—1)) — 0, 
see Theorem 13. Ill 

Then, we focus on genus 7, where an analogue of Beilinson's theorem is provided by 
the semiorthogonal decomposition of the bounded derived category ^^{X) obtained by 
Kuznetsov in [KuzOSj . We use this decomposition to study the component M{d). More 
precisely, we consider the homologically projectively dual curve F in the sense of |Kuz06] . 
and the corresponding integral functor : D*'(X) -> D''(F). Making use of the canonical 
resolution of a general element of M(d), we show that gives a birational map (p from M{d) 
to a component of W^^^l\_24^ (Theorem 15. 9p . where we denote by W^,, the Brill-Noether 
variety of stable vector bundles on F of rank r and degree c with at least s + 1 independent 
global sections. 

We prove that the map (p is in fact an isomorphism in the case d = 6. In particular the 
moduli space Mx(2, 1, 6) is fine and isomorphic to a connected threefold fTheorem lS.lll part 
IX)) . If X is general enough, the moduli space Mx(2, 1,6) is actually smooth and irreducible 
(Theorem lS.lll part[B]). We also exhibit an involution of Mx(2, 1,6) which interchanges the 
set of sheaves which are not globally generated with the one of those which are not locally 
free. Finally we show that, if S* is a general hyperplane section surface, the space Mx(2, 1, 6) 
embeds as a Lagrangian subvariety of M5(2, 1, 6) with respect to the Mukai form, away from 
finitely many double points (Theorem 15.201) . 

The paper is organized as follows. In Section[5]we review the geometry of Fano threefolds 
X of genus 7 and the structure of their derived category. In Section |3] we construct (under 
mild generality assumptions) a generically smooth component M{d) of MY{2,l,d), over a 
smooth prime Fano threefold Y (of any genus), and we recall some basic facts concerning 
bundles with minimal C2. Then again we work on genus 7: in Section |4j we prove that the 
functor provides an isomorphism between the Hilbert scheme J^^{X) and the symmetric 
cube F(3), see Theorem 14. 4p . Section [S] contains our main results. 

Acknowledgments. We are grateful to Kieran O'Grady for pointing out the paper by 
Tyurin, and to Dimitri Markushevich for helping us in making more precise the generality 
assumption in Theorem lS.lll We would like to thank the referee for several comments that 
greatly helped us to improve our paper. 

2. Preliminaries 

Let us introduce some basic material. The main notions we will need concern moduli 
spaces of semistable sheaves, smooth Fano threefolds, Brill-Noether varieties and a bit of 
homological algebra. Throughout the paper we work over the field of complex numbers. 

2.1. Notation and preliminary results. Given a smooth complex projective n- 
dimensional polarized variety {X, Hx) and a sheaf F on X, we write F{t) for F (E> ffx{tFlx)- 
Given a subscheme Z oi X, we write Fz ioi F ® ffz and we denote by Iz,x the ideal sheaf of 
Z in X, and by Nz^x its normal sheaf. We will frequently drop the second subscript. Given 
a pair of sheaves {F, E) on X, we will write ext^(i^, E) for the dimension of the vector space 
Ext|.(F,i;), and similarly h^iX.F) = dimH''(X,F). The Euler characteristic of {F,E) is 
defined as xi.F,E) = Efe(-l)'' ext^(F, i;) and x{F) is defined as xi^x,F). We denote by 
p{F,t) the Hilbert polynomial x{F{t)) of the sheaf F. The dualizing sheaf of X is denoted 
by ujx- We define also the natural evaluation map: 



eE,F ■■ Homy {E,F)(S)E ^ F. 
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If X is a smooth projective subvariety of P™, we say that X is ACM (for arithmetically 
Cohen- Macaulay) if its coordinate ring is Cohen-Macaulay. A locally free sheaf F on an 
ACM variety X of dimension n > 1 is called ACM if it has no intermediate cohomology, 
i.e. if }i'^{X,F(t)) = for all integer t and for any < k < n. This is equivalent to 
©tgzH°(X, F{t)) being a Cohen-Macaulay module over the coordinate ring of X. 

2.1.1. Coherent sheaves. The Chern classes Ck{F) are usually defined for a vector bundle F 
on a non-singular variety X, and take values in H'^''^(X). In the sequel, the Chern classes 
will be denoted by integers as soon as H'^''^(X) has dimension 1. The Chern polynomial 
of a rank r vector bundle F is defined to be cpit) = 1-1- ci{F)t + . . . -|- Cr{F)V and it is 
multiplicative on exact sequences of vector bundles. Hence the Chern classes can be defined 
on the Grothendieck group of vector bundles on X, and in fact on the Grothendieck group 
of all coherent sheaves (they are isomorphic on a smooth variety). For more details see e.g. 
[Har77l Appendix A] . 

We denote by F* = Jifomx{F, ffx) the dual of a coherent sheaf F on X. Recall that a 
coherent sheaf F on AT is reflexive if the natural map F ^ F** of F to its double dual is an 
isomorphism. We recall here some basic facts on reflexive sheaves, which will be useful in 
the sequel, and we refer to [HarSO for more details. Any locally free sheaf is reflexive, and 
any reflexive sheaf is torsion-free. A coherent sheaf F on a noetherian integral scheme X is 
reflexive if and only if it can be included in an exact sequence 

O^F^E^G^O 

where E is locally free and G is torsion-free, see |Har80[ Proposition 1.1]. Moreover, by 
[HarSOi Proposition 1.9] if X is smooth then any reflexive rank 1 sheaf is invertible. Finally, 
we will often use a straightforward generalization of [HarSOi Proposition 2.6] which implies 
that the third Chern class C3(F) of a rank 2 reflexive sheaf F on a smooth threefold X 
satisfies c^iF) > and vanishes if and only if F is locally free. 

2.1.2. Semistable sheaves and their moduli spaces. We refer to the book |HL97] for a detailed 
account of all the notions introduced here. We recall that a torsion-free coherent sheaf F on 
X is (Gieseker) semistable if for any coherent subsheaf F, with < rk(F) < rk(F), one has 
p(F, t) I rk(F) < p(F, t) I rk(F) for i > 0. The sheaf F is called stable if the inequality above 
is always strict. 

The slope of a sheaf F of positive rank is defined as /i(F) = deg(ci(F) • i/^^^)/ rk(F). 
We recall that a torsion-free coherent sheaf F is ij.- semistable if for any coherent subsheaf 
E, with < rk(F) < rk(F), one has fi{E) < fi{F). The sheaf F is called ^i-stable if the 
above inequality is always strict. We recall that the discriminant of a sheaf F is A(F) = 
2rc2(F) — [r — l)ci(F)^. Bogomolov's inequality, see for instance |HL97[ Theorem 3.4.1], 
states that if F is /i-semistable, then we have: 

(2.1) A(F) • > 0. 

Recall that by Maruyama's theorem, see [MarSOj . if dim(A) — n > 2 and F is a /i- 
semistable sheaf of rank r < n, then its restriction to a general hypersurface of X is still 
/j,-semistable. 

We introduce here some notation concerning moduli spaces. We denote by 
Mx{r,ci, . . . ,Cn) the moduh space of S'-equivalence classes of rank r torsion- free semistable 
sheaves on X with Chern classes ci , . . . , c„ . We will drop the last values of the classes 
Cfe when they are zero. We denote by M^jc(r, ci, . . . , c„) the subset of stable sheaves of 
Mx{r, ci, . . . , c„). The point of M^xir, ci, . . . , c„) represented by a sheaf F will be denoted 
again by F, by abuse of notation. 

We denote by J^J{X) the union of components of the Hilbert scheme of closed subschemes 
Z of X with Hilbert polynomial p{0'z,t) = dt + 1 — g, containing integral curves of degree d 
and arithmetic genus g. 
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We use the following terminology: any claim referring to a general element in a given 
parameter space P, will mean that the claim holds for all elements of P, except possibly for 
those who lie in a union of Zariski closed subsets of P. 

2.1.3. Homological algebra. As a basic tool, we will use the bounded derived category of 
coherent sheaves. Namely, given a smooth complex projective variety X, we will consider the 
derived category ^^{X) of complexes of sheaves on X with bounded coherent cohomology. 
For definitions and notation we refer to |GM96j and |Wei94| . In particular we write [j] for 
the j-th shift to the right in the derived category. 

Let Z he a, local complete intersection subvariety of a smooth projective variety X. In 
view of the Fundamental Local Isomorphism (see |Har66[ Proposition III.7.2]), we have the 
natural isomorphisms: 

k 

(2.2) '^xt'^xi^z, ez) = Sxt)^\lz, &z) \Nz, 

k 

(2.3) ■^or^{ez, &z) = Srorl_^{Xz, Gz) ^ f\N*z. 

For the reader's convenience we recall the following spectral sequences: 

(2.4) E^'" = Ext^(H-«(a), A) =^ F^x^F^" {a, A), 

(2.5) El''' = Exe^{B,W{b)) =^ ExtP+\B,b), 

(2.6) E^''^ = }iP{X,^xtl.iA,B)) =^ Ext^+''(A,B). 

where a, b are complexes of sheaves on X, and A, B are sheaves on X. Recall that the maps 
in the E2 term of these spectral sequences are differentials: 

2.1.4. Brill-Noether loci for vector bundles on a smooth projective curve. We recall here some 
basic results in Brill-Noether theory, for definitions and notations we refer for instance to 
|TiB91) . Let F be a smooth projective curve of genus g. The Brill-Noether locus W^^ C 
M^r('', c) is defined to be the subvariety consisting of rank r stable bundles of degree c on F 
having at least s + l independent global sections. The expected dimension of this variety is: 

p{r, c, s) = r'^{g - 1) - (s + 1) (.s + 1 - c + r{g - 1)) + 1. 

Consider a stable rank r vector bundle T on F, with deg(7^) — c and h"(F, J^) = s + 1. 
We define the Gieseker-Petri map as the natural linear application: 

(2.7) vr^ : H"(F, J") Cg) H°(F, J"* (g) cjr) ^ H"(F, J"® J"* ® wr). 

The map vrjr is injective if and only if is a non-singular point of a component of 
of dimension p{r,d,s). We will use more frequently in the sequel the transpose of the Petri 
map which we write in the form: 

(2.8) ttJ :Ext^(J",J') ^ H"(F, J")* ® H^F, J") 

In fact the tangent space to ^ at the point J' can be interpreted as the kernel of wjr, 
while the space of obstructions at is identified with the cokernel of ttJ. 

2.1.5. Smooth prime Fano threefolds. Let now X be a smooth projective variety of dimension 
3. Recall that X is called Fano if its anticanonical divisor class —Kx is ample. A Fano 
threefold X is said to be prime if its Picard group is generated by the class of Kx . These 
varieties are classified up to deformation, see for instance |IP99[ Chapter IV]. The number 
of deformation classes is 10, and they are characterized by the genus, which is the integer g 
such that deg{X) = -Kj, = 2 g - 2. Recall that the genus of a prime Fano threefold take 
values in {2, . . . , 10, 12}. If —Kx is very ample, we say that X is non-hyperelliptic. In this 
case we have g > 3. 
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If X is a prime Fano threefold of genus g, the Hilbert scheme of hnes contained 

in X is a scheme of dimension 1. It is known by |Isk78| that the normal bundle of a line 
L C X splits either as ® i^l(-I) or as ^l(I) © ^l(-2). The Hilbert scheme J^^°{X) 
contains a component which is non-reduced at any point if and only if the normal bundle of 
a general line L in that component splits as ^l(I) ffi 2). In this case, the threefold X 
is said to be exotic (see |Pro90j ). On the other hand, we say that X is ordinary if it contains 
a line L with normal bundle ff^ ffi 1), equivalently if yfi{X) has a generically smooth 
component. Recall that, if X is general enough, J^i{X) is in fact a smooth irreducible curve 
see jIP99[ Theorem 4.2.7], and the references therein. 

Let us remark that a non-hyperelliptic prime Fano threefold X is exotic if and only if it 
contains infinitely many non-reduced conies (see |BF08j ). For g > 9, the results of jGLN06) 
and [ProQO] imply that X is non-exotic unless g — 12 and X is the Mukai-Umemura threefold, 
see [MU83j . In fact, the only other known examples of exotic prime Fano threefolds besides 
Mukai-Umemura's case are those containing a cone. For instance if X is the Fermat quartic 
threefold in P'' {g = 3), then J^-^{X) is a curve with 40 irreducible components, each of 
multiplicity 2 (see |Ten74] ) . We do not know if there exist exotic prime Fano threefolds 
of genus 7. In view of a result of Iliev-Markushevich (restated in Lemma 14.11 further on), 
this amounts to ask whether there are non-tetragonal smooth curves F of genus 7 admitting 
infinitely many divisors C of type g^ such that Kr — 2C is effective (see Remark 14.21) . 

Remark that the cohomology groups H ' (X) of a prime Fano threefold X of genus g are 
generated by the divisor class Hx (for fc = 1), the class Lx of a line contained in X (for 
fc = 2), the class Px of a closed point of X (for fc = 3). Hence we will denote the Chern 
classes of a sheaf on X by the integral multiple of the corresponding generator. Recall that 
i?i = (2g-2)Lx. 

Applying the theorem of Riemann-Roch to a sheaf on X, of (generic) rank r and with 
Chern classes ci,C2,C3, we obtain the following formulas: 

, 11 + g (? — 1 o 1 17 — 1 ^ 1 1 

(2.9) xiF) - r + ci + ^ cl - -c^ + ^ cf --c,C2 + - C3, 

xiF,F)^r^ ~^AiF), 
and, in case r — 2 and g = 7, formula (12.91) becomes: 

(2.10) x(i^) -2 + 3ci+3c?-ic2-t-2c?-iciC2 + ic3. 

Recall also that a smooth projective surface 5 is a K3 surface if it has trivial canonical 
bundle and irregularity zero. Note that a general hyperplane section of a smooth non- 
hyperelliptic prime Fano threefold of genus 17 is a K3 surface S whose Picard group is gen- 
erated by the restriction Hs of Hx to S, and whose (sectional) genus equals g. We consider 
stability with respect to Hs- Given a stable sheaf F of rank r on a K3 surface S with Chern 
classes ci,C2, the dimension at F of the moduli space Ms{r,ci,C2) is: 

(2.11) A{F) -2{r^ -1). 

For this equality we refer for instance to |HL97i Part II, Chapter 6]. 

Remark 2.1. Assume that AT is a smooth prime Fano threefold, and let L be a line contained 
in X, with Nl^ ^l® ^l(-I). Then we have: 

ext^(^i, Gl) - 1, ext^(^i, ^l) = 0. 

One can easily check this statement, using (|2.2p and (|2.6p . 

Remark 2.2. Let A be a smooth prime Fano threefold, and L a line contained in X. 
Then by the well-known Hartshorne-Serre correspondence (for instance, by an adaptation 
of |Har80[ Theorem 4.1] to our setup) we can associate to L a rank 2 vector bundle Fl, 
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with ci{Fl) — —1 and C2{Fl) — 1 (see also |Mad02] ). Moreover we have the foUowing exact 
sequence: 

(2.12) ^ ffx ^ Fl ^ ^ 0. 



2.2. Geometry of Fano threefolds of genus 7. We recall here the construction of a Fano 
threefold of genus 7 as a section of the spinor 10- fold, outlined by Mukai in |Muk88) . |Muk89] . 
See also |Muk92j . |Muk95aj . |IM04aj . 

Let 1^ be a lO-dimensional C-vector space, equipped with a non-degenerate quadratic form. 
The algebraic group Spin(y) corresponds to a Dynkin diagram of type D^. It admits two 
16-dimensional irreducible representations and S , called the half-spin representations, 
having maximal weight respectively A+ = A4 and A_ = A5. These representations are 
naturally dual to each other. 

The corresponding roots a+ = and a_ = as give rise to the Hermitian symmetric 
spaces E+ andS", defined by I]± = Spin(10)/P(a±). These can be seen as the components of 
the orthogonal Grassmann variety <Gq{F'^,¥{V)) of 4-dimensional isotropic linear subspaces 
P'* contained in the smooth quadric hypersurface Q in = F(V) corresponding to the 
quadratic form on V. We denote by 14± the restriction of the tautological subbundle on 
Gq{P'^ ,F{V)) to Y,^. We have thus the universal exact sequence: 

(2.13) O^U±^V(E)ff^± ^U^^O. 

The hyperplane divisors H-£± provide natural equivariant embeddings of into P(S^). 
Given a subvariety Y C E^, we denote by Hy the restriction of H-^± to Y. 

Now choose a 9-dimensional vector subspace A of S^, and consider its (7-dimensional) 
orthogonal space B = A-^ C under the duality (S^)* = S^. We define: 

(2.14) X = S+ n P(.4) c P(S+), 

(2.15) r = nP(B) c P(S"). 

If the subspace A is general enough, then X is a smooth prime Fano threefold of genus 7, 
and any such threefold is obtained in this way. In particular we have Kx = —Hx, — 12. 
In turn, the curve F is a smooth canonical curve of genus 7, called the homologically projective 
dual curve of X. By jMuk95al Table 1], we know that the curve F is not trigonal nor 
tetragonal and g is empty. Moreover, a general curve of genus 7 is of this kind. 

2.2.1. Semiorthogonal decomposition of the derived category of X . Here we briefly sketch 
the construction due to Kuznetsov |Kuz05| . of the semiorthogonal decomposition of D*'(X). 
We consider the product variety X x T, together with the two projections p: X x T ^ X, 
q: X xT ^T. 

The symmetric form on V provides the following natural exact sequence on X x F C 
E+ X E": 

(2.16) 0^(?* ^Zi; Acf^O 

(here 14± denotes also the pull-back of U± to X x F). It turns out that ^ is a locally free 
sheaf on X X F with the following invariants: 

(2.17) ci{r^)=Hx+Hr, 

(2.18) C2{S)^^HxHv + bL + r], 



where 77 sits in H^(X,C) (8)H^(F,C) and satisfies rj^ = 14. 

In view of the results of jMukOlj . jMuk95bj . jKuz05| and |IM04a| . the vector bundle (f is 
a universal object for moduli functors on X and F in the sense specified as follows. 
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Theorem 2.3 (Mukai, Iliev-Markushevich, Kuznetsov). Let A C be chosen so that X 
defined by (|2.14p is a smooth threefold of Picard number 1, and define T and S as in (j2.15l) . 
([2T6)) . Then: 
i) the curve T is isomorphic to Mx(2, 1,5), 

ii) the manifold X is isomorphic to the Brill-Noether locus of stable bundles £ on V with 

rk(£:) = 2, det(f) Hv, h"(r,f) = 5, 
Hi) the bundle S universally represents both moduli problems (|i| and (jn)) . 
iv) for all y £T, the sheaf S'y is a globally generated ACM vector bundle. 

Given points x e X, y G F, and given a vector bundle on X x T, we denote by JFy 
(resp. the bundle over X (resp. over F) obtained restricting ^ to X x {y} (resp. to 
{x} X F). We still denote by U+ (resp. hi-) the restriction of U± to X (resp. to F). The 
vector bundles U+ and U- have rank 5. We have ci{U-) — —2Hr and: 

ci{U+) - -2, C2iU+) = 24, C3(W+) = -14. 

We define the following exact functors: 

(2.19) * : Db(F) ^ D'^(X), *(-) = Rp,(g*(-) «. ^), 

(2.20) ■.■D^{X)^-D'^{T), *'(-)= Rq,(p*(-)®^*(iJr))[l], 

(2.21) ** : D''(X) ^ D*'(F), **(-)= Rg,(p*(-) » <f*(-iJx))[3]. 

We recall that $ is fully faithful, is left adjoint to and is right adjoint to 
The main result of |Kuz05) provides the following semiorthogonal decomposition: 

(2.22) D''(X) (^x,W;,*(D'"(F))). 

This decomposition will be used to write a canonical resolution of a given sheaf over X. 
In view of |Gor90| . given a sheaf F over X, the decomposition (j2.22l) provides a functorial 
exact triangle: 

(2.23) ^{^'{F)) F ^ ^{^*{F)), 

where ^ is the inclusion of the subcategory {ffx,U+) in D*'(X) and is the left adjoint 
functor to ^ . The fc-th term of the complex '*b{'^*{F)) can be written as follows: 

(2.24) (*(**(F)))'^' 9:^Ext^'=(i^,^x)*«)^x©Ext^-'=(i^,W+)*8)^Y;. 

Remark 2.4. Given a sheaf F on X, one can describe more explicitly the map F — >■ 
'^{'^*{F)). We do this here, in order to show that the complex ^{^*{F)) is minimal, i.e. 
the only non-zero maps in the complex are from copies of ffx to copies oiW^. In other words, 
for any fc, the differential d^ from the (fc — l)-st term to the fc-th term is strictly triangular. 

We consider the product X x X and the projections qi and q2 onto the two factors. Let 
A : X — > X X X be the diagonal embedding. We denote by K the complex on X x X 

obtained restricting the standard resolution of the diagonal on the Grassmannian, see 
|Kap88| . Now denote by U the complex d'x ^ ^x[3] ^ KZi;[3]. Since (A^i^x))* = 
A* (^x (!))[— 3], dualizing K and shifting by 3, we get that K*[3] is quasi-isomorphic to 
Ah<(^x(1)) ^ U. This quasi-isomorphism can be rewritten as a distinguished triangle 

K*(-l,0)[3] ^ A,(^x) ^U(-1,0). 

Then, given a sheaf F on X, the complex ^{^*{F)) is given by Rq2*(qt (-F'(— 1)) ® U), and 
the map F '4'(**(F)) is induced by A*(^x) U(-l, 0). Finally, we recall the vanishing 
Extx(i^;, ^x) = Extx(^x,W;) = for any fc > 0. 

Having this in mind, one can easily prove the minimality statement, indeed Kap88[ 
Lemma 1.6] applies, and we can use |A0891 Lemma 3.2] to deduce that the differentials 
between the graded pieces of R(72*('Zi (-P'(— 1)) KIW^) are zero, as well as differentials 
between the graded pieces of 'R.q2*{q'[{F{—l))). 
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Remark 2.5. Given an object F of B^iX), we have an exact triangle: 

so we may think of as the right mutation functor R^e^M^) ^ith respect to the 

subcategory {ffxM*+) of D*'(X) see |Gor90]. 

2.2.2. Some lemmas on universal bundles. We close this section with some lemmas regarding 
the image via the integral functors defined above of some natural sheaves on X and F. These 
results will be needed further on. From the sequence (|2.16l) we obtain: 

(2.25) Q ^ ^U- 

(2.26) o^^^w;^^-^o, 

where is a rank 3 vector bundle with ci(^^) — Hx — Fir- 

Lemma 2.6. The vector bundles U+ and 'Sy, for any ?/ G F, are stable and ACM. Moreover, 
we have H°(F, = for any x £ X . 

Proof Let us prove first that H"(F,^^) = for any x e X. Notice that % = K^(S*{-\), 
because '^^ has rank 3 and c\(^x) — ^ ^^r- Let us dualize p. 251) and restrict it to {.t} x F. 
We obtain an inclusion: 

a2^;(-i) h?u*_[-\). 

Then we have H°(F,^^) C H"(F, A^W* (-1)). So it suffices to show that the latter space is 
0. To prove this, one can tensor by A^W* ( — 1) the Koszul complex: 

^ A^A® ^E_(-9) ^ > A®e-s,_{-\) ^ -J> 0, 

and the conclusion follows applying Bott's theorem on S_ to the homogeneous vector bundles 
A^Ul{-t), for t = 1,...,10. 

Let us now turn to . Consider the Koszul complex: 

A^B ® (-7) ^ >B®ff^^ (-1) -> 0, 

and tensor it with Applying Bott's theorem on we obtain that, for any t, the 

homogeneous vector bundles lA+{t) on S have natural cohomology and more precisely we 
get: 

{all k and i = 0, . . . , 7, 
fc 7^ and t < 0, 
k^lQ and t > 7. 
Then it easily follows that U+ is an ACM bundle on X and 

R''{X,U+) = 0, for aU fc. 

Applying the same argument to A^^Y+, we obtain the following: 

R''{X, A^U+) = 0, for fc / 1, and h\X, A^U+) = 1. 

In particular, Serre duality implies: 

(2.27) H"(X, A'^U+{1)) = 0, H°(X, A^U+{1)) = 0. 

By Hoppe's criterion, see jA094l Theorem 1.2] and |Hop84[ Lemma 2.6], this proves stability 
oill+. 

Recall that the dual of an ACM vector bundle is also ACM. Therefore, the dual bundles 
of W+ and S'y are ACM by ^ of Theorem O This easily implies, by 1^:^ and I^^B^ 
that the bundle is ACM. To prove that is stable, by Hoppe's criterion it is enough 
to show that the groups H^^X,^*), H°(X, ^^y(— 1)) both vanish. We consider the restriction 
to X X {y} of (11211). Since W^(-l) = A'^U+{1), we obtain the latter vanishing by (g^B- 
Dualizing the same exact sequence and using H^(X, S'*) = 0, we get the former. □ 
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Lemma 2.7. Given an object J- in D'^(r) and an object F in D^iX) we have the following 
functorial isomorphisms: 

(2.28) RJfomjf (*(J'), ffx) = ^(RJ^omr{J', ^r)) ® &x{-l)[l], 

(2.29) R^omr(*'(F),^r) ^ *'(R^omx(i^, ^x)) «> [!]• 

Proof. By Grothendieck duality, (see |Har66[ Chapter III], or |ConOOp . given a complex 
on X X r, we have: 

(2.30) Rjromx(Rp*(^),^x) = Rp,(a;r «) R^omxxr(-=^", ^Xxr))[l], 

(2.31) RJfomr(Rg,(Jr),^r) = R(?,(cjx «> R^omxxr(^, ^?'xxr))[3], 

and the isomorphisms are functorial. Recall that ujx — ^x(— 1) and wr = (?t{Ht)- So 
by (PTT)) we have rf* «)a;r = «) ^x(-l). Then, setting ^ = q*{F)(^<g in ijOO)) . we get 
dS^Hl). Setting ^ = p*(i^) ® (g)wr[l] in (P3T|) . we obtain (E^^. □ 

Lemma 2.8. T/ie following relations hold on T , for each point y G F; 

(2.32) ^*i&x)^U., ^*{U;)^&T. ^*{Sy)~6-y, 

(2.33) *'(^x) = 0, *'(W;) = 0, *'(<fj,)-^j„ 
and on X: 

(2.34) H°(*(^r)) -Z^;, Hi(*(€?r)) =W+(1), 
-W^-(*(^r))=0, /orfc^O,!, 

(2.35) *(^,) - 

Proof. The isomorphism (|2.35p follows immediately from the definition of Since the 
functor $ is fully faithful we easily obtain also the relations ^*{<§y) = '^■{Sy) ^ ffy. It is 
clear that *'(^x) = *'(Z^;) = 0. 

The isomorphism 4'*(Z//^) = i^r is proved in |Kuz05[ Lemma 5.6]. Twisting (j2.25p by 
^Xycvi-Hx) and taking Rg*, we get **(^x) = Indeed, we have B^{X,%{-Hx)) = 
for any integer fc, since the vanishing for k = 1,2 follows from the fact that is ACM (by 
Lemma [2T6ll . and the vanishing for fc = 0, 3 follows from the fact that '^y is stable (again by 
Lemma 12. 6p . 

Given a: e X, we restrict (|2.26p to {a;} x F and taking global sections we get {U'^)x C 
H°(r, ^2,), by Lemma [Ml Notice that dim(iY+)a; = 5 and by Brill-Noether theory we know 
that the bundle Sx cannot have more than 5 sections, see [BF98] . Hence U^^^ = H"(F,(f,) 
for aU X e X. We obtain the isomorphism H°(*(^r)) = By ^(TM) we get: 

Hi(*(^r))* - H°(*(^r)) ® ^x(-l). 
This gives the isomorphism H^(*(i^r)) = U+{1). □ 

The following corollary of Lemma (|2.7p has been pointed out by the referee. We set r for 
the functor JF H> HJifomriTjUir) defined on D''(r). 

Corollary 2.9. S'ef T for the functor F *(*'(R,if omx(F, ^x)))[l]. T'/ien T is an 
autoequivalence of ^{i>'x,U+)- Moreover, we have €>' o T = r o 

Proof. It is clear that the image of T is contained in the image $ of the subcategory 
^{ex,Ul). Moreover, we have T{F) = 0, for any object F in {ffxMX), since T{ffx) = 
T(UX) = 0. Using Lemmas O and [Ml it is easy to show that T{Sy) ^ ^y[-l] for aU y € F. 
Note that ^{^xMX) = *(D''(F)), and *(^y) = <§'y. Therefore, the natural isomorphism 
TiS'y) = (S'y[~l] proves that T is an autoequivalence of *(D''(F)). 

To prove *' o T = r o it sufliccs to use □ 
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3. Rank 2 stable sheaves on prime Fano threefolds 

In this section we present some results concerning rank 2 stable sheaves F with ci (F) — 1 
on a smooth non-hyperelliptic prime Fano threefold Y, with special attention to the case 
g > 6. We will first analyze the cases of minimal C2 (see the next subsection) and then look 
for bundles with higher C2. 

3.1. Rank 2 stable sheaves with ci = 1 and minimal C2- We provide a lower bound on 
C2{F) for the existence of F, namely My(2, 1, C2) is non-empty if and only if C2{F) > nig = 
[^Y^]. Then we give some properties of F in the cases C2 = nig (see Proposition 13. 5p and 
C2 = nig + 1 (see Proposition [SJ]). This description is deeply inspired on the analysis of the 
case 5 = 8 pursued by Iliev and Manivel in jIMOTj . Finally, we restate a result concerning 
non-emptyness and generic smoothness of this space (Theorem [ 



Lemma 3.1. Let Y be a smooth non-hyperelliptic Fano threefold of genus g, and let F be a 
rank 2 stable sheaf on Y with ci (F) = Hy • Then we have: 

(3.1) C2(F) > 

Proof. Let S' C be a general hyperplane section surface. Since Y is non-hyperelliptic, 
by Moishezon's theorem |Moi67| . we have Pic(S') = Z = (Hs). Consider the restriction 
Fs = F (E) Gs and notice that the sheaf Fs is still torsion-free. Moreover it is semistable by 
Maruyama's theorem ( |Mar81| ). hence stable since ci(Fs) = Hs and Pic(S') = (Hs). Since S 
is a K3 surface, the dimension of the moduh space M5(2, l,C2{Fs j) equals 4 02(^5) — 2g — 4. 
So this number has to be non-negative, and we obtain p.ip . □ 

In view of the previous lemma we define: 

(3.2) mg = 

Lemma 3.2. Let C be a curve in J^f^{Y), with d < nig Then C is Cohen- Macaulay and we 
have Y{^{Y,Ic) = for all k. 

Proof. First observe that the curve C has no isolated or embedded points. Indeed, the 
purely 1-dimensional piece C of C is a curve of degree d and arithmetic genus where t is 
the length of the zero-dimensional piece of C. In order to see that, for £ > 0, this leads to 
a contradiction, one notes that since 

H°(r,Ic.) = 0, we have h^{Y,T^) > xi^c) = ^- Thus 
we would have a non-zero element of Exty(Xc(l)7 ^y); corresponding to a rank 2 sheaf F 
with Ci{F) = 1, C2{F) = d. It is easy to see that the sheaf F would be stable. Indeed, 
assuming that there exists a destabilizing torsion-free subsheaf K, then it is easy to check 
that rk(ii') = 1 and ci{K) — 1 and we have the following commutative diagram: 



1 i 

K^=K 

I I 

— >Gy — >F — >Tc{l) — ^0 

II 1 i 

> Gy > 5 > T > 

1 i 



where T has rank and ci{T) — 0. This implies that T is supported at a subvariety Z CY 
of dimension less than or equal to 1. It follows that Ext^(T, Gy) ^ H^(Z, T(-l))* = 0. Note 
that, by the above diagram, the element in Exty(Zc(l), Gy) corresponding to F (i.e. to the 
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middle row) is the image of the element in Exty(r, ^y) corresponding to S (the bottom 
row). But we have seen Exty(T, if^y) — 0, so the middle row of the above diagram splits, a 
contradiction. 

Hence the sheaf F is stable, thus contradicting Lemma l3.ll The above argument implies 
that the group li^{Y,Xc) vanishes. Note that this implies the statement by Riemann-Roch. 

□ 

Definition 3.3. A zero-dimensional subscheme Z of a smooth K3 surface S of Picard number 
1 and sectional genus g is of type if it is locally a complete intersection, and if \en{Z) = 
£,h^iS,Iz{l)) = k. In this case we have h°{S,Iz{l)) = (g + I) - i + k. 

Lemma 3.4. Let S be a K3 surface of Picard number 1 and sectional genus g, and let 
m = rUg be defined by p.2p . Then S contains no subscheme of type for any fc > 1 and 
for any i < m + k — 2. Moreover if g > 6, then S contains no subscheme of type Z\ for any 
k > 2 and any £ < m + k — 1. 

Proof. We split the induction argument in two steps. 

Step 1. There are no subschemes of S of type Z^ for any £ < m — 1. 

It is easy to see that a point must be of type Z^, and that there exists no scheme of type 
Zi for fc > 1. Now consider a subscheme Z C of type Zj ior £ > 2, and the sheaf F on 5 
associated to Z by the non-trivial extension 

(3.3) 0^ &s ^ F ^Iz{l) ^0. 

Notice that ci{F) — 1, C2{F) — £. If F is locally free, then it is stable since F{—1) has no non- 
zero global sections. Hence we get £ > m, since the quantity (|2.1ip must be non-negative. If 
F is not locally free, then the pair {ff{\),Z) does not satisfy the Cayley-Bacharach property 
(see [HL97| ) and so there exists a subscheme Z' G Z oi type Iterating this argument 

on Z' we obtain either that £ > m or that there is a scheme of type Zl which is impossible. 

By induction on fc > 1 one easily proves that there are no subschemes of S of type Zf 
with £<m + k~2. 

Step 2. We assume now that g > 6 and we prove that there are no subschemes of S of type 
Z^^^. Suppose that Z is a subscheme of type Z^^^^-^^. Let F be the rank 3 sheaf associated 
to Z by the extension: 

(3.4) 0-^ ^s<E>li\S,Iz{l)) ^ F ^Iz{l) ^0. 

Since by the previous step there exists no subscheme of type Z^, it follows that F is 
locally free. By ([331), it follows that H^S*, F) = H^(5',F) = 0. It is easy to see that the 
groups H"(S',F*) and H°(S',F(-1)) vanish, hence F is a rank 3 stable bundle on S with 
ci{F) = 1 and C2(F) — m+1. By (|2.11l) . the dimension of the moduli space M5(3, 1,C2(F)) 
equals 6c2(F) — 4 g — 12 and for g > 6 this dimension is negative, a contradiction. 

Finally by induction on fc > 2 one easily proves that there are no subschemes of S of type 
Z| with £ < m + k ~ 1. 

□ 

The following proposition is essentially due to Iliev and Manivel, see [IM07) . 

Proposition 3.5 (Iliev-Manivel). Let Y be a smooth non-hyperelliptic Fano threefold of 
genus g and set m — nig. Let F be a rank 2 stable sheaf on Y , with ci{F) = 1, C2{F) ~ m, 
CsiF) > 0. Then F is a locally free sheaf and satisfies: 

R''{Y, F{-1)) = 0, ff (r, F) ^ 0, for all k e Z and for all j > 1. 

Moreover if g >6, then F is also globally generated and ACM. 
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Proof. First of all one proves H^(y, F) = 0. Indeed any non-trivial element of H^(Y, F)* = 
Exty(F, 1)) provides an extension of the form: 

Gy{-\) F ^ F 0, 

where F is a rank 3 sheaf which is easily seen to be semistable. This sheaf satisfies ci{F) — 
and C2{F) = m — {2g — 2) < 0, which contradicts Bogomolov's inequality (I2.ip . Since 
x{F) — g + 3 — m > 0, it follows that there exists a non-zero global section of F. 

Fix now a general hyperplane section S of Y. We set E — F** and Es ~ E®ffs- We 
can assume that Es is locally free on S. The double dual exact sequence reads: 

(3.5) F ^ E ^Q, 

where T is a torsion sheaf supported in codimension at least 2, so ci(T) — 0) and C2(T) < 0. 
The sheaf E has rank 2 and ci{E) = 1. 

Let us show that E is stable. Assuming the contrary, we let K he a. destabilizing subsheaf 
of E, and we note that K must have rank 1 and ci{K) > 1. We can write the following 
commutative exact diagram: 

> K' > K K" > 

O P O 



> F > E > T > 0, 

where K" is the image of K in T and K' is defined by the diagram. Then the support of 
K" is contained in the support of T, which has codimension at least 2, so that ci{K") = 0. 
Thus ci{K') > 1 and K' destabilizes F, a contradiction. 

Since the sheaf E is stable, we have lf{Y,E{-l)) = by stability and H^(r,£'(-1)) = 
H^(r, £;) = by Serre duality and stability. Indeed, H^(y, ^^(-1)) is dual to Homy (iJ, ^x)- 
This group is zero, for the image of a nontrivial map E 6x would clearly destabilize E. 
Similarly we see that II^(r, F) = 0. 

Since h°(F, F) ^ 0, one sees that h*'(y, E') ^ 0. Let Z be the zero locus of a general section 
of Es- Note that Z has dimension zero and len(Z) = to, and recall the exact sequence: 

(3.6) es^Fs^Xz{\)^^. 

It is easy to prove that II°(S', £'5(— 1)) = 0, hence Eg is stable by Hoppe's criterion. In par- 
ticular we get Y(^lyS,Es)* = H°(S',F^) = 0, so the induced map H\S',Iz(1)) ^ ^\^{S, ffs) 
is surjective. 

We can now prove that F is locally free. Indeed, assuming the contrary, by the minimality 
of TO, we must have C2{E) > C2{F) and so we get C2(T) = C2{E) — C2{F) > 0. Hence C2{T) 
vanishes. Thus the sheaf T is supported on a subscheme of codimension 3 and C3(T) = 
C3{E) — C3{F) > 0. By Lemma [3. 41 the subscheme Z must be of type Z^, hence from (j3.6p . 
using H^S*, = and H^(5', Es) = 0, we get H^(5, Es) = 0. Then we consider the exact 
sequence: 

(3.7) ^ E{-1) ^ E ^ Es ^0. 

One can show H^(y, E) — 0, by the same argument that we used for F. Then, taking global 
sections, we obtain H^(F, £'(— 1)) — 0, so: 

(3.8) xiEi'l))^^h\Y,Ei-l))<0. 

Since E is reflexive, by a straightforward generalization of [HarSOl Proposition 2.6], we also 
have x{E{—l)) — c^{E)/2 > 0. We deduce C3{E) = 0, so E is locally free. Moreover, from 
(13. 8p we also obtain H^(y, i?(— 1)) = 0. Note incidentally that, using (13. 7p . this implies also 
H^(F, F) = 0. Let us now observe that, since C3{E) = 0, the assumption C3{F) > forces 
C3(T) = 0. We have thus proved that T = 0, so the sheaf F is isomorphic to E, hence it is 
locally free. Moreover, since F ^ E, we have proved the desired vanishing results too. 
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Now let us assume that <? > 6 and show that F is globally generated. Following jIM07[ 
Proposition 5.4] one reduces to show that for any point x G Y and for a general surface 
S' through X, the vector bundle Fs' — F^ffs' is globally generated. Clearly it is enough 
to prove that is globally generated, where we denote again by Z the zero locus of a 

general global section of Fs' ■ This amounts to show that Z is cut out scheme-theoretically 
by its linear span, in other word that Z cannot be contained in a subscheme Z' C S' of type 
Z'^j^i- But no such subscheme exists by Lemma 13.41 as soon as g > 6. 

It remains to show that F is ACM, and this follows by Griffith's theorem, [SS85[ Theorem 
5.52], since F is globally generated. □ 

Remark 3.6. Note that if F is an ACM bundle on a smooth prime Fano threefold Y and S 
is a hyperplane section surface, then the restriction Fs is ACM too. In particular if F is a 
prime Fano threefold of genus 7, the bundle Sy, introduced in the previous section, is ACM 
for any y € My(2, 1, 5) and its restriction to S is ACM too. 

Proposition 3.7 (Iliev-Manivel). Let Y be a smooth non-hyperelliptic Fano threefold of 
genus g > 6 and set m — rUg. Let F be a rank 2 stable sheaf on Y, with ci{F) — I, 
C2{F) = TO + 1, C3{F) > 0. Then either F is a locally free sheaf or there exists an exact 
sequence: 

(3.9) O^F-^E^^L^O, 

where E is as in Provosition \S. 5\ and L is a line contained in Y . Moreover, we have: 

(3.10) H'=(y,F(-l)) = H'^'(y,F) = 0, fork>l. 

Proof. We work as in the previous proposition. By the same argument as before, we see that 
(l3lT)ll holds for /c = 3. 

We prove now that H^(y, F) = 0, (since m + 1 < 2^ — 2 as soon as g > 3). If F is not 
locally free, then we consider the sheaves E — F** and T — E/F and the exact sequence 
p.5p . The same proof as in Proposition 13.51 proves that E is a, stable sheaf. Recall that no 
subscheme of type -Z^j^.! for A: > 2 exists by Lemma [3.41 since g > 6. So the same argument 
we used in the previous proof to establish the property of being locally free this time proves 
that C2{E) = TO and C2(T) = — 1. Since E is reflexive (and thus C3{E) > 0), Proposition 13.51 
implies that E is locally free and globally generated. 

Therefore the support of T is a line L C Y, and we may take a general hyperplane section 
S such that L D S — x, a point of Y. A general global section of Fs (respectively, of Es) 
vanishes on a subscheme Z' C S (respectively, Z C S), the scheme Z is of type Z^, and we 
have: 

(3.11) O^Zz'(l) ^Xz(l) -^0. 

Since the sheaf E is globally generated, Iz(l) is too, hence Z is cut sheaf-theoretically 
by hyperplanes. Then the map H°(S',Iz/(l)) H°(S',J^(1)) induced by ((3ll|l is not an 
isomorphism. We obtain h^{S,Xz'{^)) — 1, which easily implies 11^(5,^5) — 0. At this 
point, following the argument of Proposition 13.51 one can easily prove the following chain of 
implications: 

H2(r,F) }i\S,Fs) = ^ H2(r,F(-l)) = ^ C3(F) = ^ 

^ Hi(r,F(-l)) = ^ ii\Y,F) = 0. 

This proves the vanishing p.lOp . 

Now we mimic a technique of Druel, see |DruOO] . Namely, since H (Y,F(— 1)) = 0, we 
have H°(y,r(-1)) = 0. It follows that T is a Cohen-Macaulay curve and by a Hilbert 
polynomial computation we obtain T = ff^ for a certain line L C F. □ 

Finally, we restate a result summarizing the information we have on the moduli space 
My (2, 1, TOg), see |BF08[ Theorem 3.2]. Recall that the non-emptyness of this space is 
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derived from a case by case analysis, going back to |MadOO| for g = 3, |Mad02j for g = 4, 5, 
|(;us82) for ff = 6 , pfea) , |IM07c) . |Knz05), for g = 7, |(;ns83] , [G^Is92] , |Mulc89| for g = 8, 
pl)5] for g = 9, |Mnk89j for .g = 10, |Kuz96j (see also |Schni| . [FaeO?) '! for g = 12. 

Theorem 3.8. Lei y fee a smooth non-hyperelliptic prime Fano threefold of genus g. Then 
the space My (2, 1,™^) is not empty and any sheaf F in it is ACM and satisfies: 

(3.12) F(g)^L = ^L® Gl{1), for some line L C Y . 

Assume further that Y is ordinary if g = S and that Y is contained in a smooth quadric 
if g = A. Then the space My (2, IjTOg) contains a sheaf F satisfying: 

(3.13) Ext^(i^,i^) = 0. 

The dimension of My (2, l,TOg) is if g is even and 1 if g is odd. 

For a more accurate description on the space My(2,l,TOg) we refer to |BF08j and the 
references therein. 

3.2. A good component of the moduU space My(2,l,d). Throughout this section we 
will assume that F is a non-hyperelliptic smooth prime Fano threefold. We will construct 
a good (in the sense specified by Theorem 13. lip component of the space My(2,l,d), and 
for this we will need to assume that Y is ordinary. In particular we will assume that the 
Hilbert scheme M'-^iY) has a generically smooth component. In case 5 = 4 we will have to 
assume that Y is contained in a smooth quadric in P^, due to the restriction appearing in 
the previous theorem. 

We start with the next proposition, which attributes a particular emphasis to the condition 
Yi^{Y,F{-l)) = 0. Wc think of it as an evidence that this condition is analogous to the 
vanishing H^(P'^, i?(— 2)) = required for E in Mp,3(2,0,c?) to be an instanton bundle, see 
|ADHM78j . Note that the condition Y{^{Y,F{-1)) = holds for any F in My (2, l,d), with 
d = rUg (Proposition [33]) and d = nig + 1 (Proposition (XT]). 

Proposition 3.9. Let Y be a smooth prime Fano threefold and d an integer. If a sheaf 
F g My(2, l,d) satisfies II^(y, i^(— 1)) = 0, then we have the following vanishings: 

(3.14) H'=(y,F(-l)) = 0, for any k, 

(3.15) H^(r,F(-<)) = 0, for any t> I. 

Proof. First let us prove p.l4p . By stability and Serre duality, we have 11^(1^, F(—l)) = 
H^(F, i^(-l)) = 0. By ((^ it is easy to compute that x{F{-l)) = 0, and this implies the 
vanishing for k = 2. 

In order to prove (I3.15p . let us take a general hyperplane section S of Y. Then we have 
the restriction exact sequence, for any integer t, 

(3.16) 0^ F{^l-t) ^ F{-t) ^ Fs{-t) ^0. 

Note that the sheaf Fs is semistable, by Maruyama's theorem. This implies Il''(y, Fs{—t)) = 
for any t > 1. Then, taking cohomology of p.l6p . we deduce that }i^{Y,F{—t)) = 0, for 
any t > 1. □ 

Now, we construct inductively a component of My (2, 1, d), for all d > mg. This component 
is generically smooth of the expected dimension and its general element F is locally free and 
satisfies H^(Y, F{—1)) = 0. To do so we note that, given a locally free sheaf E in My(2,l,d) 
and a line L C Y, assuming that E®(?l = (?l® ^l(I), by projecting E onto E® (?l and 
then to we get a sheaf F lying into an exact sequence of the form: 

(3.17) O^F^E^ffL^^- 
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Lemma 3.10. Let Y be a smooth ordinary prime Fano threefold of genus g, let L d Y be 
a line belonging to a generically smooth irreducible component H of J^i{Y) and choose an 
irreducible component M o/My(2, l,d), with dini(M) — n. Assume that there is a locally free 
sheaf E in My such that E (g> ^ ® ^l(I)- 

Then the set of sheaves F fitting in (j3.17p with i? e M and L E H is an irreducible 
{n + 1)- dimensional locally closed subset o/ My(2, 1, c? + 1). 

Proof. Let i? be a locally free sheaf lying in My. It is easy to see that a sheaf F lying into 
an exact sequence of the form p.l7p is a rank 2 stable (non-reflexive) sheaf with ci{F) = 1, 

C2{F)^d+l, C3{F)=0. 

Note that the condition E®ffL = ^l(I) is equivalent to honiy(i?, ^l) = 1, and 

also to Exty(i<^, =0. By assumption and using semicontinuity (see [BPS801 Satz 3 (i)]), 
we see that this vanishing takes place for general L G H and for general G M. 

Observe that a surjective map E ^ ff^ exists if and only if the previous vanishing holds. 
Since homy(iJ, ffif) — \^ the map a : E ^ Gj^ is unique up to a non-zero scalar, so the kernel 
of a is determined (up to isomorphism) by E and L. 

Therefore we have a rational map M x H -> My (2, 1, d-l- 1) which associates to the general 
member of M x H the sheaf F = ker((T), where u generates Homy(i?, ^i). This map is 
generically injective, since E is recovered as F** and 6^ as the quotient F/F** . Note that 
both M and H are irreducible, respectively of dimension n, and 1. Thus the image of the 
rational map above is irreducible locally closed of dimension n -\- \. □ 

Theorem 3.11. Let Y be a smooth ordinary prime Fano threefold of genus g, and if g ~ 4 
we further assume that Y is contained in a smooth quadric in P^. Let m = rUg, let L <zY be 
a line in Y with Nl = ^l® ^l(— 1), and let x be a point of L. Then, for any integer d > m, 
there exists a rank 2 stable locally free sheaf F^ with ci{Fd) — 1, C2{Fd) = d, and satisfying: 

(3.18) Ext^(^^d,Fd) -0, 

(3.19) Hi(y,Fd(-l))=0, 

(3.20) H"(i,Fd(~2a;)) =0. 

The sheaf Fd thus belongs to a generically smooth component of My (2, 1, d) of dimension: 

2d-g-2. 

Proof. We work by induction on d > to. For d — m, the sheaf F provided by Theorem 
13.81 satisfies all our requirements. Indeed, the only property that we need to check in this 
case is p.20p . but this is clear since we may assume that p. 121) holds for a line L such that 
Nl ^ ^L® ^l(-I). 

Let us now construct a sheaf Fd in My (2, l,d). By induction we can choose a rank 2 
locally free sheaf Fd-i with ci{Fd-i) = 1 (so that F^^i = Fd-i{-l)), C2{Fd^i) = d - 1, 
satisfying Ext?,(Fd„i, i^^d-i) = 0, li\Y, Fd-i{-l)) = 0, and H°(L, Fd_i(-2 a;)) = 0. From 
the last vanishing it easily follows that Fd^i ® — ® ^l{x). Therefore there exists 
a (unique up to a non-zero scalar) surjective morphism Fd-i (Ei 6l ~^ ^l- Then we get a 
projection a as the composition of surjective morphisms: Fd~~i — > Fd-i®ffL — > ^l- We 
denote by Fd the kernel of a and we have the exact sequence: 

(3.21) ^ ^ Fd-i ^0L^Q. 

We claim that the sheaf Fd lies in My (2, l,d) and satisfies (pi^ . ([51^ and In 
view of Lemma r3. 101 Fd is a stable torsion-free sheaf with ci{Fd) = 1 and C2{Fd) = d. We 
have H^F, Fd{-1)) = since H^(r, Fd-i{-l)) = by induction and H°(y, ^l(-I)) = 0. So 
(IXTOl) holds. 

In order to prove p.l8p . let us apply the functor Homy(Fd, — ) to (I3.2ip . This gives the 
exact sequence: 

Ext^(Fd, Gl) -> ^^il{Fd,Fd) ^ Ext?.(Fd,Fd-i). 
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We will prove that both the first and the last terms of the above sequence vanish. To prove 
the vanishing of the latter, apply Homy (— , to the exact sequence p.2ip . We get the 

exact sequence: 

Ext?.(i^d_i,Fd_i) ^ Ext^Y{Fd,Fd-i) ^ Extf,(^L,Fd_i). 

By induction, we have Exty (F^-i, F^-i) = 0. Serre duality yields: 

ExtU^L,Fd-iy - R°{Y, - H"(i,Frf_i(-2x)) = 0. 

Therefore we obtain Exty (F^, Fd-i) = 0. To show the vanishing of the group Exty(Fd, ^l), 
we apply the functor Homy(— , ^l) to (j3.2ip . We are left with the exact sequence: 

Ext^(Fd_i, ^l) ^ Ext^(Frf, ^l) ^ Ext^(^i, ^l). 

The rightmost term vanishes by Remark |2. II By Serre duality on L we get Exty (F^-i, ^l) — 
H^(L, FJ_J ^ H°(L, Fd_i(— 2a;))*. But this group vanishes by induction. We have thus 
established (I3.18p . Note that, since clearly Homy(Frf,Fd) ~ Exty(F(i,Fd) = by stability, 
Riemann-Roch gives: 

(3.22) ext^(Fd,Fd) =2d-5-2. 

Now let us prove property p.20p . Tensoring (13.211) by we get the following exact 
sequence of sheaves on L 

(3.23) -> ^orf (^i, ^i) -^Fd^^L^ F^-i ^ ^ 0. 

By (1131) we know that ^orf (^l, ^l) = Nl = i^l® ^l{x), since L is general in Jif^°{Y) 
and Y is ordinary. Now we twist (|3.23p by 2a;) and take global sections. By induction 

H°(L,Fd-i(-2a;)) = 0, so our claim ((3?20)) follows easily. 

Finally, we would like to flatly deform the sheaf Fd to a stable vector bundle F, and we 
claim that (jXTa . ^J^, dXl Ql) will hold for F too. Indee d, and (jXTSl) will stiU hold 

on F by semicontinuity (see |Har77[ Theorem 12.8] and [BPSSOi Satz 3 (i)]). In order to 
prove ((3?20l) . we notice that B°{X, Fd ® ^l(-2)) = Ext^(^L, Fd(-l)). Since the sheaves 
form a fiat family over the deformation space, we conclude that p.20p holds for F again by 
semicontinuity, see |BPS80| . 

We note further that the equality exty {F, F) = 2 d — g — 2 implies here that F lies in a 
generically smooth component of My (2, 1, d) of dimension 2d — g — 2. 

Thus it only remains to check that a general deformation F of in My (2, 1, d) is a locally 
free sheaf. In order to show this, we consider the double dual exact sequence: 

(3.24) ^ F ^ F** ^ T -> 0, 

where T is a torsion sheaf whose support W has dimension at most 1. We would like to 
prove T = 0. Is is easy to see that F** is stable. This implies H*'(y, F**(-l)) — which in 
turn gives H°(F, T(— 1)) = 0, so = supp(T) contains no isolated or embedded points, i.e. 
it is a Cohen-Macaulay curve. 

We will now argue that the exact sequence p.24p is not of the form p.2ip . Indeed, recall 
that the variety My(2, l,(i — 1) is smooth at the point corresponding to the locally free 
sheaf Fd-i, since Exty (F^-i, F^-i) = by induction hypothesis. Let M be the component 
of My(2,l,(i— 1) containing F^-i and H the component of J^i{Y) containing L. The 
dimension of M equals exty (Fd_i, Fd-i) — 2 d — g — 4. So by Lemma fS.lOi the set of sheaves 
fitting as kernel of (|3.21l) . with the middle term lying in M, has dimension 2 d — g — 3. Now, 
if for a general element F in an irreducible open neighborhood of Fd, the sequence (j3.24p 
was of the form (j3.2ip . then the sheaf F** would lie in M (for F** specializes to Fd-i) and 
the quotient T would lie in H (for T specializes to ^l). But we have proved that the set 
of such sheaves F has dimension 2 d — g — 3, while F lies in a component of dimension one 
greater (see p.22p ). 
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Finally, let us show that, assuming T ^ Q, we are lead to a contradiction: this will finish 
the proof. To do this, we show that the support W T must have degree 1. In fact we 
prove that C2[T) = —1, and we only need to show C2{T) > —1. Note first the equality 
x(T{t)) = - h^(y, T{t)) for any negative integer t. RecaU that, by }Har80[ Remark 2.5.1], we 
have H^r, F** (t)) = for all t < 0. Thus, tensoring by (i) and taking cohomology, 

we obtain h^{Y, T{t)) < h^(Y, F{t)) for all i <C 0. Further, for any integer t, we can compute: 

ci(T(i)) = 0, C2(r(t)) = C2(T) = d - C2{F**), C3{T{t)) = c^iF**) - {2t + l)c2(T), 

hence by Riemann-Roch: 

Since is a deformation of Fd, semicontinuity gives h^{Y, F{t)) < h^{Y, Fd{t)). Now, (j3.2ip 
provides h^{Y,Fdit)) = h^(y, /^^(t)) = = -t - I. Summing up we have, for ah 

t <0: 

-(t+l)c2(T) + ^^^ >t+l. 

This implies that C2(r) > -1 + for alH < 0, which implies C2(T) > -1. 

We have thus proved that T is of the form ^^(a), for some L G Ji!f*{Y), and for some 
integer a. Then csiT) = csiF**) = 1 + 2 a, so a > 0, see jHarSOi Proposition 2.6]. On the 
other hand we have seen H°(F, T(— 1)) = 0, so a < 0. But then T should be of the form ^l, 
a contradiction. □ 

By Theorem 13.111 and Lemma 13.101 we can pose the following. 

Definition 3.12. Choose a component M(mg) of the moduli space My(2, l,mg) containing 
a sheaf F satisfying the properties listed in Theorem 13.81 Then, for each d > rUg + 1, we 
recursively define N (d) as the set of non-reflexive sheaves fitting as kernel in an exact sequence 
of the form (I3.2ip . with Fd-i G M{d — 1), and M{d) as the component of the moduli scheme 
My(2, l,d) containing N{d). In view of Theorem 13.111 the component M{d) is generically 
smooth of dimension 2d — g — 2 and contains N((i) as an irreducible divisor. 

Remark 3.13. Making use of Theorem 13.111 it is possible to classify all ACM bundles of 
rank 2 and ci = 1 on smooth non-hyperelliptic ordinary prime Fano threefolds. We refer to 
[BF08] for a complete investigation. 

4. Rational cubics on Fano threefolds of genus 7 

Let X be a smooth prime Fano threefold of genus 7, and let F be its homologically 
projectively dual curve. For 1 < d < 4, the subset of ,^^{X) containing rational normal 
curves is described by the results of |IM07c| . It is known to have dimension d, and to 
be isomorphic to Wl^^ for d = 1, isomorphic to F^^^^ for d = 2, and birational to F'^'^^ for 
d = 3. The isomorphism ^ F^^) was also proved by Kuznetsov, making use of the 

semiorthogonal decomposition of D'^(X). 

Here we make more precise the result on cubics, showing that the Hilbert scheme J^^{X) 
is in fact isomorphic to the symmetric cube F^^-*. 

The following result is due to Iliev-Markushevich, [IM07cj . This reformulation will be 
used further on. 

Lemma 4.1 (Iliev-Markushevich). Let X be a smooth prime Fano threefold of genus 7. Then 
we have the following two bijective morphisms: 

(4.1) M'°{X)^Wl,, L^*!(€?i)[-1], 

(4.2) J^^I>{X)^Wl^, L^*'(^l(-1))- 



18 



MARIA CHIARA BRAMBILLA AND DANIELE FAENZI 



Proof. For any y e T, we have S"* ^ ® ^l(-I), so h"(X, S'* (g) ^l) = 1- Indeed S'y 

is globally generated for each y and has degree 1 on L. So H''{^-{i?L))y — for all y G F 
and all k ^ -1. Hence is a line bundle on F, and has degree 5 by Grothendieck- 

Riemann-Roch. Now observe that, using (12.341) and the spectral sequence (|2.4p . we get: 

H"(F,*'(^i)hl]) =Homx(*(^r),^L[-l]) = 
^Homx(Hi(*(^r)),^L) = 

Since Z//^ is globally generated and ci{Ui^) — 2, one sees easily that this space must have 
dimension 2. So lies in Wl^. Denote H°(F, by Al- 

To show that our map is injective, first observe that Extx(^L, ^x) — for all fc, while 
Extx(^L,^+) = for fc 7^ 3, and Ext|(^L,ZY+) = A*^. Making use of the exact triangle 
(|2.23p . this gives the isomorphisms: 

r for fc = 0, 

(4.3) «'=(*(*Vl))) = \ Al®UI for fc = -1, 

[ otherwise. 

Then 'H°($($' (^l))) — ^l, and we have injectivity of (|4.ip . Surjectivity follows, since 
J^°(X) and VFi 5 are isomorphic by [IM07c[ Proposition 2.1]. 

Set now £ = *'(^l)[-1] G VFi^g. Applying (1^:^ . since RJf omx(^L, ^x)[2] = 
we obtain the functorial isomorphism: 

*'(£?l(-1)) = C*®UJT- 

Clearly the degree of C* ®wr is 7 and by Serre duality we get h°(F,£* (JJwr) = h^(F,£) = 3, 
hence the sheaf C ^ijJy lies in Wi-;. This says that the map appearing in (j4.2p is everywhere 
defined. Hence is it bijective since the map defined by (j4.ip is. □ 

Remark 4.2. In view of the isomorphism ,^i{X) = M^i 5, we note that the threefold X 
is exotic if and only if 5 has a component which is non-reduced at any point. It is well- 
known (see e.g. |ACGH85l Proposition 4.2]) that £ is a singular point of Wl^ if and only if 
the Petri map: 

TTc :H°(F,/:)«)H°(F,/:*®a;r) ^H°(F,wr). 
is not injective. Note that, since the curve F is not tetragonal, any line bundle C in 5 is 
globally generated. Therefore ker(7r£) is isomorphic to H"(F, C* ® C* (g)a;r)- 

This proves that the threefold X is exotic if and only if F admits infinitely many line 
bundles C in VF^ 5 such that C* ® C* ®ujt is effective. 

Our next goal is to investigate the Hilbert scheme J^.^{X). We will need the following 
lemma. 

Lemma 4.3. Let C be any Cohen- Macaulay curve of degree d > 3 and arithmetic genus 
Pa contained in X. Then ^'{ffc) is a vector bundle on F of rank — 2 + 2pa and degree 
7d-12 + 6pa. 

Proof. The following argument is inspired on the proof of IKuzOSi Lemma 5.1]. We have to 
prove that, for each ?/ G F, the group ii^{X, S* (g) ffc) vanishes. By (|2.26p . it is enough to 
prove: 

(4.4) H°(C,W+) = 0. 

Assume the contrary, and consider a non-zero global section u in H°(C,ZY+). Let t/ be the 1- 
dimensional subspace spanned by u. By (|2.13p . we have U C H"(C, W+) C H°(C, i^x ®V) = 
V. Set V ^ U-^/U. Then the orthogonal Grassmann variety Gq{¥^,V{V')) C S+ is a 
quadric and clearly the curve C is contained in X' := Gq{P^ ,P{V')) n X. Recall that X is 
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a linear section of T,^ , then X must contain either a 2-diniensional quadric or a plane. But 
this is impossible by Lefschetz theorem. 

This proves that is a vector bundle on F. By Ricmann-Roch formula we conclude 

that its rank is —xi'S'y €5 ^c) = d — 2 + 2pa. Finally, by Grothendieck-Riemann-Roch we 

compute the degree of $'(i^c)- D 

We are now in position to prove the following result. 

Theorem 4.4. Let X be a smooth prime Fano threefold of genus 7, and F be its homologically 
projectively dual curve. The map ijj : Gc ^ (^■(^c))*®wr gives an isomorphism between 
,^^{X) andT^^\ In particular ,M'^{X) is a smooth irreducible threefold. 

Proof. We have seen in Lemma l473l that, for any element C of J^^{X), the sheaf £ = ^'{^c) 
is a line bundle of degree 9 on F. 

Let us show that £ lies in Wig. Note first that, for any x £ X, we have h^(F, C (ox) = 
h°(F,£* iS) (Ox) by Serre duality. Hence, by stability of S'^ and since C has degree 9, we get 
h^(F,£ (gi S'x) = 0, for ah x € X, hence H^i^iC)) = 0. So, by the decomposition ((2:23| 
applied to the sheaf ^c, the cohomology of the complex can appear only in 

degree -1 or 0. By formula (gH]), we have {^{^*{ffc)))'' = for fc ^ -1, -2, -3 and 

(*(**(^c)))~' = ^1, 

(*(**(^c)))"' =Zi;''+4, 

where a — h°(C, ^xi—^)) and b — h°(C, Z//^(— 1)), and clearly, by Riemann-Roch formula, 
a + 2 = h^C, ^x(-l)) and 6 + 4 = h^(C, It follows that the cohomology of the 

complex (*(**(^c'))) is concentrated in degree -1. Moreover since H''(*(**(^c))) = 
for fc = -3 and fc = -2, then we have that the differential d-^ : ^^+^ © is 

injective and that ker((i^^) = Im((i~^). 

Let us show that a — b — Q. By the minimality of the complex (see Remark 12. 4L the 
differentials in the complex {'^ {'^* {(?c))) take the form: 

= 0). 

Thus ker(d-i) = ker(d^^) ©^Y;^ and Im(d-2) = Im(d^2) C Since ker(d-i) = Im(d-2), 
we have ker((ij'^) = and lv[i{d2^) = U*^^ . Then is an isomorphism of to W^'', which 
implies a = b = Q. 
We have thus: 

(4.5) hi(C,^x(-l))-2, H°(C,^x(-l))=0. 

(4.6) hi(C,W;(-l))=4, H°(C,W;(-1))=0, 
and we get the following exact sequence: 

(4.7) ^ ^ [Ulf ^ *(£) ^ ^ 0. 
Then we have: 

h''(F, £)= homr(^r, homr(**(W;), £)= honix(W;, *(£))= 4, 

where the last equality is obtained applying the functor Homx(W^, — ) to the exact sequence 
(14. 7p and using the fact that the group H'^(C, U+) vanishes by (|4.4p . We have thus proved that 
C is an element of W^^. This defines a morphism : .^-^{X) VFf g as ip{&c) = *'(^c)- 
Observe that the correspondence t : C i-^ C* ®u!r provides an isomorphism between W^g 
and Wi^. On the other hand note that = F'^^\ indeed the curve F is not trigonal 
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(see |Muk95al Table 1]). We have thus defined a morphism Tp : ^ {^\6c))* from 

to r(3) as V 

= T O Lp. 

Now, we would like to construct an inverse map -d : W^c^ — M'^iX) of ip. We consider a 
line bundle £ in W^f g, and the natural evaluation map of sections of L: 

ec ■■= e^r,£ : H°(r,/:)®^r ^ C. 
Applying the functor $ to this map and taking cohomology, we get a map: 

H°(*(e£)) :H"(r,/:)«)w; ^*(/:). 

We would like to show that the cokernel of this map is the structure sheaf of a rational 
curve of degree 3 on X. This will define an inverse map 1} to if. In order to do so, we recall 
the natural isomorphism: 

H°(r,£) ^Homx(ZY;, *(£)). 

Therefore, the map 'H"(*(e£)) lies in Homx(W+, Homx (Wjjl , and it is invari- 

ant under the natural GL(4)-action. Note that such invariant is either zero, or a (non-zero) 
multiple of the identity, hence unique up to non-zero scalar. Hence TL'^{^{ec)) is determined 
as the natural evaluation map eu^.^(c) soon as it is non-zero. In order to prove that the 
map ^{^{^{ec)) is non-zero, we will need the following claim. 

Claim 4.5. Let £ be a line bundle in Wiq. Then ker(e^_£) is semistable. 

Let us postpone the proof of the claim, and see what we can deduce from it. Note that if 
H^i^iec)) = 0, then rk(H°(*(ker(e<?,£)))) = 20. Therefore, for any point x e X, we have 
h°(r, (Ox €5 ker(e^_£)) = 20. But O ker(e^,£) is a semistable sheaf of rank 6 and degree 18, 
hence by Clifford's theorem (see e.g. |Mer99) V we must have h°(r, (fj^ (g) ker(e^^£)) < 15, a 
contradiction. 

Note that also the map (c corresponds to the natural evaluation map eif .#(£), for clearly 
(c is GL(4)-invariant and non-zero by (|4.7I) . This implies that: 

= cok(Cc) = cok{n°{Mec))), 

as soon as C = {^c)- We have thus proved that our candidate inverse map d is well-defined 
on the image of ip, and by construction i9 o is the identity. 

Therefore ip is injective. Since J^^{X) is projective of dimension at least 3 and F^^^ is 
irreducible and of dimension 3, it follows that the map (p : Jf^{X) W^g is also surjective. 
The inverse map i? is then defined everywhere and we are done. □ 

Proof of Claim \J75\ First note that e^^c is surjective. Indeed, otherwise its image would be 
a line bundle I with 4 independent global sections and of degree at most 8. If deg(I) = 8 we 
find h°(F,I* eg) wr) > 2, and this is impossible since F is not tetragonal by jMuk95al Table 
1]. Thus Wi g = 0, hence ^ = for d < 8 so the cases deg(T) < 8 are also covered. 
Let E be the vector bundle (ker(e^_£))* and consider the exact sequence: 

^ C* ^ ^ E ^ 0. 

It suffices to prove that E is semistable. Assume the contrary and consider the Harder- 
Narasimhan filtration of E. In particular we can assume that E has a destabilizing quotient 
B, which is semistable. 

Now assume that B has rank 1. Then B is generated by global sections, being a quotient 
of E, and has degree at most 2. This is impossible for F is not hyperelliptic. 

Therefore we may assume that B has rank 2. Still B is generated by global sections, 
so h''(F, _B) > 2, and equality is attained if and only if B is trivial, which is impossible 
since E has no trivial summands. Hence h''(F, i?) > 3, and again the inequality must be 
strict. Indeed otherwise we would get, dualizing the kernel of e^^B a line bundle on F with 
3 independent global sections and degree at most 5, which is impossible for already Wig is 
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empty by |Muk95al Table 1]. Hence we have h"(r, i?) > 4, which contradicts Castelnuovo's 
theorem, see e.g. |Mer99[ Theorem A.l]. 

Therefore we conclude that E is indeed semistable. □ 

5. Vector bundles on Fano threefolds of genus 7 

In this section, we assume that X is a smooth prime Fano threefold of genus 7, and we 
let r be its homologically projectively dual curve. We set up a birational correspondence 
between the component M{d) of Definition 13 . 1 2l and a component of the Brill-Noether variety 
'^d-5~5d-24- This Correspondence will turn out to be an isomorphism for d — 6. In this 
section, we will need to assume that X is ordinary for d > 7, in order to ensure the existence 
of the well-behaved component M (d) , constructed in Theorem 13.111 

5.1. Vanishing results. In order to setup the correspondence mentioned above, we will 
have to prove that various cohomology groups are zero. This is the purpose of the next series 
of lemmas. 

Lemma 5.1. Let d > 6 and let F be a sheaf in Mx(2, 1, d) such that: 

(5.1) Hi(X,F(-l)) = 0, 
then we have, for all y Cz T: 

(5.2) Ext^(4,,F) = 0, for all I, 

(5.3) Ext^(F, S'y) ^0, for all j >2. 

Moreover, if F is locally free, then (|5.3|) holds for j = as well. 

Proof. Let us prove the first vanishing. Notice that for fc < and for fc > 3 the claim is 
obvious since X has dimension 3. For fc = 3, the claim amounts to ilonixiF, S'y{—1)) = 
Homx(-F, S"*) — 0, which follows from stability of F and ^y. 

For fc = 0, we have to show that Kouixi'S'y, F) ~ 0. Assume the contrary, and let / be a 
non-trivial map f : S'y F. Note that the image I of f must have rank 2, for if it had rank 
1 it would destabilize either F (if ci(/) > 1) either S'y (if ci(/) < 0). So / is injective, and 
its cokernel is a torsion sheaf T with ci(T) = 0, hence C2(T) < 0. This gives the inequality 
5 = C2{(^y) > C2{F), which is in fact an equality by the minimality of C2{S'y). But we have 
C2{F) = d>6, a contradiction. 

For fc = 2, let us show that Ext^(F, (f^*) — 0. Applying the functor llomx{F, -) to the 
restriction of (j2.25p to X x {y}, we get: 

(5.4) UomxiF,%) ^ Ext\{F, S^) ^ Ext^^ (F, ffx) ®{U-)y. 

It is easy to see that the term on the left hand side vanishes by virtue of stability of 
and F (see Lemma l2.6l) . On the other hand, the rightmost term vanishes by the assumption 
H\X,F(-1)) = and Proposition [SH We have thus proved (jO]) . 

Let us now turn to (j5.3p . For j = 3, one easily sees that this group vanishes by stability 
of F and S'y. In order to prove (|5.3p for j = 2, we apply the functor IIomx(-F', — ) to (I2.26p . 
and by stability of 'i^y, we are reduced to show that Ext^{F,U^) = 0. But this follows easily 
applying Homx(i^, -) to ^J^ . 

Finally, if F is locally free, then a nonzero map / G Homx {F, S'y) of stable locally free 
sheaves f : F ^ S'y would have to be an isomorphism, for these two bundles have the same 
slope. But their second Chern classes are not equal, hence there cannot be such /. □ 
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Lemma 5.2. Let d > 6 and let F be a sheaf in Mx(2, 1, d) satisfying (jS.ip . Then the 
following equalities hold 

(5.5) Extx{F,^x) =0, foranykeZ, 

(5.6) Ext^(F,iY+) = 0, for any 2, 

(5.7) ex4(F,Z^+) 2d- 10. 



Proof. By Serre duality and (|5.ip . the vanishing (|5.5p follows from Proposition [321 

Moreover, for A: = 0,3 we have Ext^ (F, ) = by stability of the sheaves U+ and F. 
Since Extj^ (F, ^x) = 0, by applying the functor Homx(-F, — ) to the sequence (j2.13p we get 
F,xtx{F,U+) = Homjc(F, Z//jji), which vanishes by stability of F and U+. This proves (j5.6p . 
Finally, by the Riemann-Roch formula (j2.10p we obtain the last equality. □ 

Lemma 5.3. Let d > 7 and let F be a sheaf in Mx(2, 1, d) satisfying (|5.ip . Then we have 

Homx(Z^;,F) = 0. 

Proof. Fix a point y in F. Applying the functor Homx(— ,F') to the exact sequence (|2.26p 
we obtain an exact sequence: 

^ Homx(ffy,F) ^ Romx iUl,F) Romx{%,F). 

By Lemma 15.11 we know that the leftmost term vanishes. Assume that the rightmost does 
not, and consider a non-zero map / : — >■ F. Set F' = Im(/) and note that, by stability 
of the sheaves F and we must have rk(F') = 2 and ci(F') = 1. We have thus an exact 
sequence: 

(5.8) O^F'^F^T^O, 

where T is a torsion sheaf, with dim(supp(r)) < 1. Note that F' is stable, since any 
destabilizing subsheaf would destabilize also F. By |Har801 Propositions 1.1 and 1.9], the 
sheaf ker(/) must be a line bundle of degree zero. This means that ker(/) = ^x, and we 
have an exact sequence: 

^ ffx % ^ F' ^ 0. 
So F' satisfies C2(F') = 7, C3(F') = 2. Hence by it follows that d = C2(F) = 7 + C2(T) < 
7, since C2(r) is non-positive. Hence we have d — 7 and in this case we have C2(r) — 0, and 
C3(T) = —2. But this is a contradiction since C3(T) must be non- negative. We have thus 
proved our claim. □ 

5.2. Canonical resolution of a bundle in Mx(2, 1, d). We will show here that a sheaf 
F in Mx(2, l,d) which satisfies H^(X, F(— 1)) = admits a canonical resolution having two 
terms, see the formula (j5.10l) below. Recall that, if the threefold X is ordinary, such a sheaf 
exists for all d > 6 by Theorem 13. Ill 

Proposition 5.4. Let d>6 and let F be a sheaf in Mx(2, 1, d) such that il^{X, F(— 1)) =0. 
Then $'(F) is a simple vector bundle on T, with: 

(5.9) rk(*'(F)) =d-5, deg(*'(F)) = 5d- 24. 
Moreover, F admits the following canonical resolution: 

(5.10) ^ Ext|(F,W+)* ^ #(*'(F)) ^ F ^ 0, 
and $(#'(F)) is a simple vector bundle. 

Proof. Consider the stalk over a point y e F of the sheaf ■H'^($'(F)). We have: 

(5.11) n''{^-{F))y^Ext''+\S'y,F)^ujr,y. 

Hence by Lemma [Ol it follows that this group vanishes for all y G F and for all /c 7^ 0, so 
^■(F) can be identified with a coherent sheaf on F. For fc = 0, the dimension of the vector 
space 'H°{^'{F))y can be computed by Riemann-Roch. This gives — x((?y,F) = xiF^Sy) = 



BUNDLES ON FANO THREEFOLDS OF GENUS 7 



23 



d — 5, so the rank of the sheaf is d — 5. Since this rank does not depend on the point 

y S r, the sheaf (F) is locally free over F. It follows easily by Grothendieck-Riemann-Roch 
that deg(*'(i^)) = 5d- 24. 

Let us exhibit the resolution (jS.lOl) . Note that, by formula p.24p and Lemma 15.21 
we get that the complex {^{^*{F))) is concentrated in degree —1 and isomorphic to 
'E,xtx{F,U+)* <SiUl. Hence the exact triangle (|2.23p provides the resolution (|5.10p for F. 
This resolution also proves that $($ (F)) is a vector bundle on X. 

Let us now prove that $ is a simple bundle. If c? = 6, then (F) is a line bundle, hence 
it is obviously simple. For d > 7 we want to prove that the group IIomr($' (-F), = 
Homxi^i^' (F)), F) is 1-dimensional. Applying the functor Homx(— to the sequence 
(IS.lOp we obtain 

llomx{^{^-{F)),F) ^Romx {F,F), 
since the term Homx(i^+,-F) vanishes by Lemma 15751 Hence is simple, for F is. Since 

the functor $ is fully faithful, it follows that also the vector bundle is simple. □ 

Lemma 5.5. Let d > 7 and let F be as in the previous proposition, and set Ap = 
Ext^(i^, ZY-)-)*. Then we have the natural isomorphism: 

(5.12) AF'^li°{r,^-{F))^Romx{Ul,^{^-{F))). 

In particular h°(F, ^ 2d - 10. 

Proof. By Lemma 15.31 we know that }lomx{lA^, F) — 0. Therefore, applying the functor 
Homjs:(Z//^, — ) to the resolution (|5.10l) we obtain: 

= Ext^(F,iY+)* ^ Homx(Z^;,*($'(F))). 

By adjunction and (I2.32[) we have the isomorphisms: 

Homx(W;,*(*'(i^))) =^Homr(**(Z^;),*'(F)) = H"(F,*'(F)). 

□ 

Lemma 5.6. Let d >6 and let F be a locally free sheaf in Mx(2, 1, d) with }i^{X, F(— 1)) = 
0. Then ^'{F) is globally generated and we have the exact sequence 

(5.13) ^ (*'(F))* ^ Ext^(F,^Y+)* (gi&r ~> ^'{F) 0. 

Proof. Consider the complex $*(F). Let us compute the stalk over the point e F of the 
sheaf •H'=(**(F)). We obtain: 

n-H^*{F))y^E^tUF,'^yr- 

But the above vector space vanishes for any fc 7^ 1 in view of Lemma 15. 1[ for F is locally 
free. So #*(J^)[— 1] is a locally free sheaf. Moreover, applying ()2.29p and using the definition 
of and we get: 

**(F)[-l] = (*^(i^))*. 
Remark that, for any sheaf F on the curve F, since the functor $ is fully faithful, we have: 

^*mF))=F. 

Thus, applying the functor to (|5.10p . we obtain, in view of (j2.32l) . the exact sequence 
(I5.13|) . Hence, the sheaf ^'{F) is globally generated. □ 

In order to set up our correspondence between M(d) and W^_^^l]i_2^, we have to prove 
that, for a general F in M{d), the vector bundle $'(F) over F is stable. This is done in the 
next lemma. 

Lemma 5.7. For each integer d > 6, there exists a Zariski dense open subset D,{d) C M{d), 
such that each point Fd of Q{d) satisfies ll^{X, Fd{—1)) = 0, and ^'{Fd) is a stable sheaf. 
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Proof. Let us prove the statement by induction on d > 6. If = 6, ^'{Fq) is stable since it 
is a line bundle. Suppose now rf > 6, assume that F^ and F^-i fit into p.2ip for some line 
L C X, and that $ is a stable bundle. Recall that C — $ 1] is a line bundle 

of degree 5 by Lemma Applying the functor to the sequence (j3.2ip . we get 

(5.14) O^C^^\Fd)^^\Fd-i)^0. 

Notice that the extension (|5.14l) is non-trivial because ^'{Fd) is indecomposable since it is 
simple (see Proposition 15. 4p . 

Since, by formulas (|5.9p . we know that fi{^-{Fd)) = ^d-5^ = 5 + it is enough to 
prove that ^'{Fd) is semistable. Assume by contradiction that there exists a subsheaf K, 
destabilizing ^ {Fd) of rank r < d — 5 and degree c. Since ^-{Fd-i) is stable, we must have 

1 c 1 

< - < 5 



from which we get 



5 r d — 6 ' 



„ c 5d-24 1 
< < 



r d-5 - {d-5){d-6)' 

It is easy to check that the only possibility is r = d — 6 and c = — 29, and so we would have 
IC = ^-{Fd-i) and (|5.14p would split, a contradiction. Hence # (Fd) is stable. Therefore the 
same holds for a general point of M{d) by Maruyama's result [Mar76j . □ 

Remark 5.8. We do not know whether the bundle ^'{F) is stable for all sheaves F in 
Mx(2, l,d) with 11^{X,F{—1)) = 0, not even assuming that F lies in the component M{d). 

In the next section we will study the space Mx(2, l,d), focusing first on the case d > 7, 
where we give a birational description. The case d = 6 will be treated in greater detail 
afterwards. 

5.3. The moduli spaces Mx(2, 1, d), vifith d > 7. Here we show that the component M{d) 
of the variety Mx(2, l,d) containing the sheaves arising from the construction of Theorem 
13.111 is birational to a component \N{d) of W^_^^^g^_24. Recall that in Lemma [5.71 we have 
introduced the open set il{d) C M{d). Every sheaf F e 51 (d) satisfies the following two 
conditions: 

i) the group H^(X,F(-1)) vanishes, 

ii) the vector bundle F — ^'{F) is stable. 

Then we have a morphism: 

F ^ *'(F) 

which is well defined by Proposition [23] and Lemmas 15.51 15.71 

We denote by \N{d) the irreducible component of d_24 containing the image of ip. 

We can thus state the following result. 

Theorem 5.9. Let X be a smooth ordinary prime Fano threefold of genus 7, and let F he a 
sheaf in fl{d) for d > 7. Then: 

i) the tangent space, respectively the space of obstructions, to \N(d) at the point [^'(F)] is 

naturally identified with Extx{F, F), respectively with F,xtx{F, F); 
ii) the varieties M{d) andSN(d) are birational, both generically smooth of dimension 2d — 9. 

Proof. The goal of our proof will be to construct an inverse map to the morphism ip, 
defined on a suitable open subset of our component W(d). 

We let B{d) be the subset of \N{d) consisting of those sheaves F such that: 
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a) the natural evaluation map: 

= &0,T ■■ H"(r, J')®,^r ^ T 

is surj active; 

b) the kernel of ejr is isomorphic to T* ; 

c) the complex is concentrated in degree zero, i.e. Hi(r, j"®^^) = ovx G X. 
Then we would like to define over B{d) in the following way: 

-d ■ B{d) Mx{2,l,d) 

J-h^cok(H°(*(e^))). 

Let us prove that the sheaf F = cok{'H'^{^{ejr))) lies in Mx(2, 1, d). First note that the 
duality (|2.29p gives the isomorphism: 

*(j-*)[i]-*(^r(i), 

where these are both locally free sheaves by (jcj) and by the same argument as in Proposition 
15.41 By (jlj) and (0 we can apply the functor $ to the exact sequence: 

^ J"* ^ H°(r, J") ® ^ -7^ ^ 0, 
and get (by (jcj)) a long exact sequence of the form: 

^H"(r, ^"''^^'^^^ ^ ^x(i) H"(r, ^ o. 

The sheaf F is then the image of the middle map in the above sequence. By |Har80l Propo- 
sition 1.1] the sheaf F is reflexive, and sits into the following exact sequence: 

(5.15) o^H"(r,j-)®w;^^^^^^^*(j-)^^^^o. 

By Grothendieck-Riemann-Roch one can calculate the rank and the Chern classes of 
$(J^), and deduce from the above exact sequence that the sheaf F has rank 2 and ci(F) = 1, 
C2{F) — d, C3(F) = 0. Therefore F is locally free (because it is reflexive with vanishing C3), 
so it is also stable, once we prove Homx(^x(l),-F) = 0. Recall that Ext^(^?'x(l),^^;) = 
for any integer k. Further, it is easy to see that $*(^x(l)) = 0. Then, applying the functor 
Homjf (^x(l), -) to we have: 

Homx(^?x(l),-F) =Homx(^?x(l),*(-^)) =Homr(**(^x(l)),^) =0. 

We have thus proved that F lies in Mx{2, l,d), so the map i9 is defined on B{d). 

Applying the functor *' to (l5J5)) and using (|233)) . we have *'(i^) ^ J", so </3(t?(J")) = T. 
Let us now show that o is the identity over the open subset of fl{d) consisting of locally 
free sheaves. For any sheaf E in fl{d), the sheaf J- — $ (£') lies in \N{d) and satisfies (jsj). 
Assume now in addition that E is locally free. Set again Ae = Ext^(£',^+)*, and keep in 
mind the natural isomorphism of Lemma 15.51 

AE=B°{r,E)=Romx{Ul,^{T)). 

Further, by Lemma [5.61 since i? is a locally free sheaf in M{d), we have that T satisfies also 
(jaj) and (jbj). We look at the resolution 

^ A*e(SUI ^ *(J') E ^0 

given by Proposition 15.41 Notice that the map (^e agrees, up to a non-zero scalar, with the 
map 'H'^{^(ejr)). Indeed, both such maps are non-zero elements of Ae A*^, invariant under 
the natural GL(A£;)-action, and such invariant is either zero, either unique up to non-zero 
scalar. Therefore, we have: 

i?-cok(HO(*(e^))), 
which proves that ?? o gives back E when applied to E. 



26 



MARIA CHIARA BRAMBILLA AND DANIELE FAENZI 



We have thus proved that B{d) is isomorphic to an open subset of ^l{d), which in turn is 
open in M{d), and by Theorem 13.111 M(rf) is genericahy smooth of dimension 2d — 9. This 
wiU prove ^ once we show that B{d) is dense in \N{d). In turn, it will follow from Q that 
W(c?) is smooth of dimension 2d — 9 at any point — ^'(F) such that M(d) is smooth at 
F, which implies that B{d) is dense in W(c?). 

Therefore, it only remains to setup the natural identifications of tangent and obstruction 
spaces required for Q. Let us accomplish this task. We have the natural isomorphisms: 

Ext^(*(-F),F) -Exti(^,J-), 

(5.16) Ext^(W;,F) = Ext^(*(,^r),i^) Extr(^r, -7^)- 

Here, to prove (|5J6)) . by (1131) and (1234)) it suffices to show Ext^(Z^+(l), i^) = and 
Ext%{U+{l),F) = 0. By Serre duality we have Ext^(W+(l), F)* = Ext^"''(F, which 
vanishes, for k = 2,3, by Lemma [5.21 Now, applying the functor Homx(— to (|5.10p we 
obtain an exact sequence: 

Ext^(F,F) ^ Ext]f(*(^),F) ^ Ext\{Ul,F)®A*p ^ Ext|(^^,i^), 

where the map rjp is defined as Ext^(C_F, i^). But since (^p = H°($(ejr)), we have: 

= Ext^(*(e^),F) = Exti(e^, = Exti(e^,.F) = ttJ. 

In view of the interpretation of the kernel and cokernel of tt J (see Section 12.1.41) , we have 
thus constructed the required identification of the tangent space to W^^^l]^_24 point 
J" (i.e. of ker(7rj)) with Ext^(i^,i^). The same argument identifies the obstruction space 
with Ext|(i^,i^). □ 

Working out a relative version of the construction of the previous theorem, we get the 
following result. 

Corollary 5.10. The moduli space n{d) C M{d) is fine. 

Proof. For any d > 6, we let P{d) be the moduli space of stable vector bundles on F of rank 
d — 5 and degree 5 d — 24. Thus W(d) is a subvariety of P(d). Since the rank and the degree 
are coprime, it is well known that this moduli space is fine. So we denote by ^ the universal 
bundle over F x P(d), and by abuse of notation its restriction to the product F x W(d). 

We would like to exhibit a universal sheaf ^ over X x r2(d) such that, for a given closed 
point z of 51(d) representing a stable sheaf F, the restriction of ^ to X x {z} is isomorphic 
to F. 

Recall by Theorem 15.91 that ip maps 51(d) C M(d) to an open subset of W(d). Consider 
the projections: 

X X F X n{d) 



X X n{d) F X ip{n{d)) 

We consider the pull-back to X x F x 51(d) of the map a : ->• «? of (|2.16p . We tensor 
this map with (g x ip)*{^^). We have thus a morphism: 

We define the universal sheaf ^ as the cokernel of the map {p x l),(aKll). Let us verify 
that has the desired properties. So choose a closed point z G Jl(d) C M(d), and consider 
the corresponding sheaf F^ on X and the vector bundle ^ip{z) — ^'{Fz) on F. Notice 
that the sheaf {q x ip)*{^^(z)) is just q*{^'{Fz)). Then, evaluating at the point z the map 
(p X l)*(a Kl 1) we obtain the map: 



H°(F,*'(F,))«.W;^*(*'(F,)). 
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Recall the natural isomorphism H°(r, ^-{Fz)) = Fixt^{Fz,U+)* , and note that, by func- 
toriality, this map must agree with the map (p^ given by the resolution (jS.lOp . Thus its 
cokernel is isomorphic to Fz- □ 

5.4. The moduli space Mx{2, 1, 6). Here we focus on the moduh space Mjc (2, 1, 6), and we 
prove that it is isomorphic to the Brill- Noether locus g on the homologically projectively 
dual curve F. This makes more precise a result of Iliev-Markushevich, |IM07c| . Then we 
investigate the subvariety of Mx{2, 1,6) consisting of vector bundles which are not globally 
generated. We will see that these bundles are in one-to-one correspondence with non-reflexive 
sheaves in Mjf (2, 1, 6). Finally we will see that these two subsets are interchanged by a natural 
involution of Mx{2, 1, 6). Here is our main result. 

Theorem 5.11. Let X be a smooth prime Fano threefold of genus 7. 

A ) The map f : F ^ 4>'(_F) gives an isomorphism of the moduli space Mxi"^, 1, 6) onto the 
Brill-Noether variety W^q. In particular, Mx(2, 1,6) is a connected threefold. Moreover 
it is a fine moduli space. 

B) If X is not exotic, then Mj)s:(2,l,6) has at most finitely many singular points. If X is 
general, then Mjf (2, 1, 6) is smooth and irreducible. 

We prove now the first part of the theorem, while we postpone the second part to the end 
of the subsection. 

Proof of Theorem \5.11l pari HI First of all the map (p : F ^ $'(F) is well-defined. Indeed, 
let F be any sheaf in Mx(2, 1, 6). By Proposition l3.7l we know that F satisfles the hypothesis 
(jS.ip . Then by Proposition [531 ^'(F) is a line bundle of degree 6 on F. Set jC = $'(F). We 
have to prove that £ admits at least two independent global sections. If F is locally free, 
by Lemma [5.61 we have that £ is globally generated. Moreover the exact sequence (|5.13p . 
implies h°{T,C) > 2, since h°(F,£*) = 0. It follows that *'(F) lies in WIq. If F is not 
locally free, then it fits in the exact sequence (13. 9p . Recall that by Lemma [ITT] we know that 
$-(^i)[— 1] is a line bundle A4 contained in M^/ 5. Hence, applying to the exact sequence 
p.9p . we obtain: 

(5.17) O^M^C^ffy^O, 

where y is a point of F. Therefore wc have again h''(F, C) > h°(F, Ai) > 2, and $'(F) lies in 
WiQ. Note that the equality h''(F,£) — 2 must be attained for all £, since Wig is empty in 
view of Mukai's result (see |Muk95al Table 1]). Note that in this case the open subset f7(6) 
coincides in fact with all of Mx(2, 1, 6). 

Now we want to provide an inverse map -d : W^q — > Mx(2, 1,6) of ip. Take a line bundle 
C in Wi Q, and denote again by ec — e^^^c '■ H''(F, £) (g) £ the natural evaluation map. 

We distinguish two cases according to whether C is globally generated or not. 

In the former case, we have an exact sequence: 

(5.18) 0^ C* ^}i°{T,C)®^r ^ C^O. 

Since, for any x £ X the vector bundle S'^ is stable, we have H°(F, S'^'S^C*) = H^ (F, Sx®£.) = 
0. Hence the line bundle £ satisfies all the conditions (jaj), ([Q, (jcj) of the proof of Theorem 
15.91 Then the same proof of such theorem allows us to define 'd{C) — cok(H°($(e£))) and 
to prove that (p{'d{£)) = £. 

It remains to find an inverse image via of a non-globally generated sheaf £. In this case, 
the image C £ of e£ must be a line bundle, with h°(F,A^) = h°(F,£) = 2. Then M 
must lie in 5, since F has no gl by [Muk95aj . We have an exact sequence of the form 
(|5.17p . for some y Applying the functor # to this sequence, by Lemma HTTI and formula 
(|4.3p . we obtain: 

^ ^"^^^"""^^ *(£) -^S-y^ ^L^O, 
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where L is the hne contained in X such that M = and Al = H"(r,A^) = 

H''(r, C). It is easy to see that the image of the middle map in the exact sequence above is 
a sheaf F e Ux{2, 1,6). We define again d{C) = cok{%°{^{ec))) and since *'(i^) = £, it 
foUows ip{-d{C)) = C. 

To show that t9 o is the identity on Mjs:(2, 1,6), we need to prove that the map C,f 
appearing in the resolution (|5.10l) provided by Proposition 15.41 agrees up to a scalar with 
'H°($(e£)). Applying the functor Homx(W+, — ) to (|5.10p . and using adjunction and (|2.32p . 
we obtain 

Ext^(F,Z^+)* C Hom(Z^;,*(*!(F))) -H"(r,*!(F)). 

Now recall that dimExt|(F, W+) = 2, by ^J\, and h°(r, (F)) < 2, since is empty, 
hence we conclude that Ext^{F,W+)* = Hom(Z^;, (F))), and the map Cf in the reso- 
lution (|5.10p is uniquely determined. This proves that ■d{ip{F)) — F. 

Now, with the same proof of Corollarv l5.10l one can show that the moduli space Mx(2, 1, 6) 
is fine. The fact that Wl^ is a connected threefold is well-known, see for instance |ACGH85l 
IV, Theorem 5.1 and V, Theorem 1.4]. This completes the proof of part □ 

Now we will analyze the space Mx{'2^, 1, 6) in greater detail. 

Lemma 5.12. Let F be a sheaf in Mx{'2., 1, 6). Then either F is globally generated, or there 
exists an exact sequence: 

(5.19) ^ / ^ F ^ ^l(-I) ^ 0, 
where L is a line contained in X and I is a sheaf fitting into: 

(5.20) Q-^S* ^ H°(A:, F) ® ^ / ^ 0, 
for some y G F. 

Proof. If the sheaf F fits into the exact sequence (|5.19p . it cannot be globally generated, 
since has no global sections. So let us prove the converse implication. 

Assume thus that F is not globally generated, let / (respectively, T and K) be the 
image (respectively, the cokernel and the kernel) of the natural evaluation map eg^p '■ 
H°(X, F)®ex^ F. We have the exact sequences 

(5.21) Q ^ K ^ ^ I ^Q, O^I^F^T^O, 

where the induced maps H"(A:, ^|-) ^ H°(X, /) and H°(X, /) H°(X, F) compose to e^^p, 
in particular h^{X,I) = 4. By Proposition 13.71 we have H'^(X, F) = 0, for each k ^ 0, and 
h°(X,F) = 4. 

Let us check that the torsion- free / must have rank 2 and ci(/) = 1 (in which case we 
easily get that / is also stable with C2(/) > 6). By stability of ^x and F, we must have 
Ci(J) = 1 (and in this case rk(/) = 2) or ci(/) — 0. But in the latter case, by the uniqueness 
of the graded object associated to the Jordan- Holder filtration of i^j^ f |HL97[ Proposition 
1.5.2]), we must have that / is semistable with Jordan-Holder filtration: 

^ ^x I ^ ^ 0. 

So I = ffj. which contradicts h°{X, I) = 4. 

Now, one easily sees that K is thus a stable refiexive (by jHarSOi Proposition 1.1]) sheaf 
of rank 2 with ci(X) = -1, C2iK) = 12 - C2(/) (by (jS?^ ). Then we have caiK) > and 
by Lemma it follows C2{K) > 5. 

Assume first that C2(/) — 7. Then we can apply Proposition 13.51 to the sheaf K{1) to 
prove that K is locally free. It follows that K is of the form S"* for some y by virtue of 

Theorem [O It follows that R''{X,K) = for all k by Proposition [3H which by (jOTjl 
implies R''{X,I) = for fc > 1 and in turn ll''{X,T) = for all k. We obtain that T is 
isomorphic to i^'l(— 1) by a Hilbert polynomial computation. This concludes the proof in 
case C2(/) — 7. 
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Let us assume now that C2(/) — 6, which impHes C2{K) — 6 and C3{K) > for the sheaf 
K is reflexive. In this case Proposition 13.71 imphes that K is locally free so C3{K) = 0. So 
by ([53T|) C3(/) = -csiK) = 0. So Cfc(F) = Cfc(/) for aU k hence the sheaf T has Cfc(T) = 
for all k. Therefore T — and F is globally generated. □ 

We can consider the closed subvarieties of the Brill- Noether variety g described by the 
following conditions: 

(5.22) G = {Ce I C is not globally generated} 

(5.23) C = {Ce Wle \ C is contained in a line bundle lying in Wi-^}. 
Moreover, we have the following involution: 

r : WIq Wle, C*®ujt. 

A suggestion due to the referee helped us in making more precise the statement of the 
following proposition. The condition that T can be represented as a plane septic with 8 nodes 
holds if r is general. 

Proposition 5.13. The sets C and G are interchanged by the involution t, and are both 
isomorphic to the product T x Wi 5 . 

The intersection C n G C W^i g is a finite cover of the curve ^. IfT can be represented 
as a plane septic with 8 nodes, the degree of this cover is 16. 

Proof. Given a line bundle C in G, we consider, as in the proof of Theorem 15 . 1 1 [ part ([XJ, the 
image M (Z C of the natural evaluation map eg^^c- We have Ai 6 Wl^, and an exact sequence 
of the form (|5.17p . for some y S F. This defines a map G F x which is injective since 

Extp(^j^,A^) = C. This map is surjective too, indeed the unique extension from ffy to 
must lie in Wl^, since Wl^^ is empty by |Muk95a[ Table 1]. Setting A/" = A^* wp, we have: 

h*'(F,7W) =h\F,A/') = 2, hi(F,M) =h°(F,A/') =3. 

It follows that M lies in W^-j. Dualizing the sequence (|5.17|) and tensoring by wr, we obtain 
the exact sequence: 

(5.24) ^ t{C) N ^ &y ^0. 

So the line bundle t{C) lies in C. Since this procedure is reversible, we have proved that the 
involution r interchanges the subsets G and C. Note that the map t : J\A ^ AA* ® ujy gives 
an isomorphism from Wl 5 to 7 . 

Let us now describe the intersection C n G C WIq. Recall that the map Lp\j^\ associated 
to a given N G W^f 7 maps F to P^. This map is generically injective and the image is a 
curve of degree 7. This septic is smooth away from 8 distinct double points j/i, . . . , ysi see 
|IM07cl Lemma 2.6]. For each y,; we have a unique Mi £ Wl^, given by the projection from 
the double point yi. On the other hand any subbundle M g Wl^^ of N must correspond to 
the projection from a double point y^. Namely we will have: 

^ X ^ TV ^ ^z, ^ 0, 

where Zi is the subscheme of F over the double point yi. 

Now fix a line bundle N in Wlj. A subbundle £ £ C of A/" corresponds to the projection 
from a smooth point y as soon as C is globally generated. Therefore, C lies in C n G if and 
only if we have: 

(5.25) X, C^CA/", 

for some i = 1, . . . , 8. Then C must be of the form A^i(z) for some point z in F lying over 
the double point yi. The number of such z is finite for each yi. Thus we have realized C H G 
as a finite cover of Wl 5 . 

If there is one line bundle M such that the image of F under f\j\f-\ has 8 nodes, then for 
any i there are two points z^^i, Zi_2 of F which are mapped to yi by Then we set 
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Cij — A4i{zij), and the line bundles fit into the inclusions (|5.25p . Hence the degree of 
the cover is 16. □ 

We consider now the pull-back 6* of r to Mx{2, 1,6), i.e. we set: 

e : Mx(2,l,6) ^ Mx(2,l,6), = ip-'^ o t o ip. 
We will next show that 9 can be seen on Mx(2, 1, 6) in terms of the functor T of Corollary 

Proposition 5.14. Let F be an element o/Mx(2,l,6). Then we have: 

i) the sheaf F is not locally free if and only if ^'{F) lies in G. 

ii) the sheaf F is not globally generated if and only if^'(F) lies in C. 

Moreover the function 9 is an involution which interchanges the two subsets of sheaves 
which are not locally free, and not globally generated. 
For each F in Mx(2, 1,6) we have: 

(5.26) 9{F) = ip-\T{F)) = ip-^^'{-RJfomx{F, ^x))[l]. 
Finally, 9{F) is isomorphic to both the cones of 

(5.27) KJfomx ((H°(X, F)* ®ex-^ F), ffx) [-1] and: 

(5.28) R^omjf (F, ffx) ^ H°(X,F)* ® ffx- 

Proof. We have already proved the implication of Q in Lemma 15.61 To prove the 

converse, we consider a sheaf F which is not locally free. Then F fits into an exact sequence 
of the form (j3.9p . Applying the functor to this sequence and setting C = $ (F) we 
obtain an exact sequence of the form (|5.17p for some M in Wl^ (see Lemma [4.ip . Since 
H°(r, M) = H°(r, £), the evaluation map H"(r, £,) ® ffr ^ C cannot be surjective, so C hes 
in G. 

To prove in view of Lemma [5.121 we have to show that the sheaf F fits into (|5.19p . 
for some / fitting in (|5.20p if and only if the line bundle $ (F) lies in C . To show we 
consider a sheaf F fitting into an exact sequence of the form ()5.19p . Recall by Lemma 14.11 
that TV = *'(i^l(-1)) lies in Wlj. Since ^-{ffx) = 0, by the exact sequence we have: 

Thus applying the functor to (|5.19p we obtain an exact sequence: 

^ *'(F) M ^ ffy ^Q, 

and $'(F) lies in C. 

To prove the converse implication, we consider a globally generated sheaf F and the exact 
sequence: 

(5.29) K ^H^{X,F)®ex ^ F ^Q. 

Remark that X is a locally free sheaf and K* lies in Mx(2,l,6) as well. We note that, 
applying we get the natural isomorphism: 

^■{K) = *'(X*)*(g)wrhl]. 

On the other hand, by ((5?29l) we get *'(if) = *'(i^)[-l]. Then we have: 

*'(F) =T(*'(if*)). 

But ^\K*) is globally generated by Lemma [5.61 hence we are done since r interchanges C 
and G. We have thus established Q and ([n]). 

It follows that 9 interchanges the sheaves which are not locally free, and the sheaves which 
are not globally generated, and clearly 9 is an involution. 
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To show the expression of e, recall that *'oT = To*'by Corollary[2H Therefore, 

for any F in Mxi2, 1,6) we have e{F) = (p-'^{^'{T{F))). Since for any object a in D'^(X) 
we have *'(*(*'(a))) = *'(a), it follows that 9{F) = ip-^^'{IlJ^omx{F, ^jf ))[!]. 

In order to check the expression (|5.27|) . note that if F is globally generated then (j5.29ll 
holds. Dualizing we get K* as cone of (|5.27p and we have just seen that K* is d{F). If F 
is not globally generated, we dualize (|5.19l) and (|5.20p . We get our cone as F' in the exact 
sequence: 

-> F* ^ H°(X,F)* ® F' ^ Sxt\{F,ex) 0. 

Then, we easily see that F' is a sheaf in Mjs:(2, 1, 6) which is clearly 9{F) if F is locally free 
(apply again 0) . Otherwise F' fails to be globally generated on the line where F is not locally 
free. In this case F* = is also the kernel of the evaluation map eg^^p' ■ This gives the 
conclusion by the above analysis. The proof of the expression (|5.28p is analogous. □ 

Corollary 5.15. Let F be a sheaf in Mx(2, 1,6), and let M,N C X be two distinct lines. 
Then F is not globally generated over N and not locally free over M if and only if M and 
N meet at a point of X and: 

i) the line bundle C = $'(F) fits into M C C C Af, where we set M = 4>'(i^m)[— 1] and 
AA = *'{^w(-l)), 

ii) the conic C = MUN IS such that *'(^c) = Af/M. 

Proof. Assume that F is not globally generated over N and consider the long exact sequence 
provided by Lemma l5.12l 

(5.30) ^ ^ Ii°{X,F)®ffx F ^ ^Ar(-l) ^ 0, 

for some y € F. Assume further that F is not locally free over M so that we have an exact 
sequence of the form: 

(5.31) ^ F ^ ^ ^ 0, 
for some z G F. 

Let us apply the functor Homx {^l , —) to the first exact sequence. Using Serre duality 
and the splitting of S'y as © ^m(I) over M, we easily see that, whenever M and N are 
disjoint, we have Ext]^{ffM,F) = 0, which is absurd by (|5.3ip . We assume thus that M and 
N meet at a point of X. By the proof of the previous proposition and of Theorem l5.111 part 
121 we have the inclusions required for (P. By the same reason we get two exact sequences 
over F: 

Then we have Af/A4 ~ ^y.z- Patching together (|5.30p . (|5.3ip and the exact sequence 

(5.32) 0^ ^Ar(-l) ^ ^ ^A/ ->0, 
one obtains a long exact sequence: 

0^<?* ^ H"(X, F) (g) ^x '^z ^ ^ 0. 

Applying we obtain ^'{ffc) — ^y,z, which gives 

By the proofs of Theorem 15.111 part and of the previous proposition, the whole the 
construction is reversible, hence Q and ([n]) are also sufficient conditions. □ 

The following lemma follows a suggestion of Dimitri Markushevich. 

Lemma 5.16. The set of singular points C of W/g, such that L is globally generated, is in 
bijection with the set of even effective theta- characteristics on T. In particular, this set if 
finite. Moreover, it is empty if F is outside a divisor in the moduli space of curves of genus 
7, and of cardinality 1 ifVis general in that divisor. 
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Proof. According to Mukai's classification in |Muk95a) ). the smooth curve section F of the 
spinor 10-fold satisfies Wi q — 0, and a general curve of genus 7 is of this form. Now recall 
that a line bundle £ lies in the singular locus of Wiq if and only if the Petri map: 

TTc : H"(r,/:)®H°(r,/:*®wr) ^H"(r,a;r). 

is not injective. Note that the kernel of this map is isomorphic to H''(r, £* (g) £* (g> wr). 
Therefore, the above map is injective unless C®C = ujr, which means that C is an even 
effective theta-characteristic (even here means that h"{T,£) 

is an even number, 2 in this 

case). 

By |TiB87[ Theorem 2.16] the set of curves of genus 7 admitting an even effective theta- 
characteristic form a divisor in the moduli space of curves of genus 7, and the general curve in 
this divisor has precisely one even effective theta-characteristic. This concludes the proof. □ 

Proof of Theorem \5.11{ vartWl Let us assume X to be non-exotic, and prove that 
Mx(2,l,6) has at most finitely many singular points. In view of Theorem 15.111 part Rl 
the space Mx(2, 1,6) is isomorphic to Wi q. The number of singular points of Wi q which 
correspond to globally generated line bundles is finite by Lemma 15.161 

We consider thus a line bundle C € G which is a singular point of Wi Since t is an 
isomorphism, we can also assume that t{C) is not globally generated, i.e. £ G C n G. In 
particular we must have an exact sequence of the form (j5.17p . and there exists Af G W^'^ 
such that M. d C C J\f. Applying r, we also get t{N) C r(£) C t{M). Now, as in the 
proof of Lemma [5. 161 we note that t{C) lies in the singular locus of Wl^ if and only if the 
Petri map tt^ is not injective. In this case the kernel is isomorphic to II°(r, r(A/')* ®£,). 
Since we assume that this space is non-zero, we have an inclusion t{M) C C. It follows that 
= t{J\[), since C contains a unique line bundle lying in Wl^. We have thus an inclusion 
M C t{M), which means U°{T,M* ®M* ®ujt) i- 0, so that M is a singular point of W\ 5 
(see Remark 14. 2p . Since = M'^iX) by Lemma l4.ll and since X is not exotic, the 

number of singular points of this form in W\q is finite, and we are done. 

Finally, note that if X is general, then the curve F is general. Then it is well-known that 
W\i^ is smooth and irreducible, see for instance |ACGH85l V, Theorem 1.6]. It follows that 
Mx(2, 1, 6) is a smooth irreducible threefold. □ 

5.5. The space Mx(2,l,6) as a subspace of M5(2, 1, 6). In this section we let X be 
a general prime Fano threefold of genus 7. Let S" be a general hyperplane section of X. 
Assume in particular that 5 is a K3 surface of Picard number 1 and sectional genus 7. In 
this paragraph we will show that Mx(2, 1,6) is isomorphic to a Lagrangian submanifold of 
Ms(2, 1, 6). This provides an instance of a general remark of Tyurin, |Tyu04| . 

Note that given a sheaf F € Mx(2, 1, 6), in view of Proposition 13.71 its restriction Fs = 
F (g) ^5 is torsion-free as soon as S does not contain lines. So in this section we will assume 
that the general hyperplane section S does not contain any line. 

We want to prove now that given any sheaf F £ Mx(2, 1, 6), its restriction Fs is stable. 
Assume first that Fs is locally free. By Proposition 13.91 we know that li^{X, F{—2)) = 0. 
Hence, by the exact sequence (|3.16p with t = 0, and by p.lOp . it follows that H°(S', Fs(— 1)) = 
0. This implies that Fs is stable, by Hoppe's criterion. Assume now that Fs is not locally 
free. Then by Proposition 13. 71 it fits in the exact sequence (13. 9p for some stable vector bundle 
E £ Mx(2, 1, 5) and a line L C X. Since E is stable and ACM by Proposition 13.51 it easily 
follows by the restriction sequence that H°(S', Es{~l)) = 0, hence Fs is stable. Then if there 
exists a destabilizing subsheaf of Fs , it would destabilize also Es , a contradiction. 

Hence we define a restriction map: 

Ps:Mx(2,l,6)^Ms(2,l,6), F ^ Fs- 

Lemma 5.17 (Tyurin). Let S be a general hyperplane section of X. Then the map ps is a 
closed immersion. 
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Proof. We prove that the differential d{ps)F is injective at any point F of Mx(2, 1,6). Ap- 
plying the functor Honix(^, — ) to p.l6p (with t — 0) we get: 

Exti,(F,F(-l)) ^ Exti,(F,F) A Ext^, (^^, i^s). 

Note that the leftmost term in the above sequence vanishes since by Serre duality 
Ext^(F,F(-l)) = Extj.{F,F)*, and this group vanishes for Mx(2,l,6) is a non-singular 
threefold by Theorem 15.111 part [B] So 6 is injective. Recall that Extx {F,F) is naturally 
isomorphic to rFMx(2, 1, 6), hence we are done if we prove that Ext^(F, fg) is naturally 
isomorphic to Tp^Ms{2,l,6). 

Let us prove that Ext^(F, F5) = Ext;^(i^s, F5). Indeed, denoting by t the inclusion of 
the surface S in X, we have 

Ext^(i^,^^s) = Ext^(F,t,i*F) ^ Ex_t]^{L* F, L* F) ^ Extl{Fs,Fs), 

where the second isomorphism above holds if Lfet*(_F) = for any A; > 0. But this is true 
since Fs is torsion-free. This concludes the proof. □ 

Lemma 5.18. Let F,F' be two sheaves in Mx(2, 1, 6). 

i) If F is globally generated, then Ext^(F, F'(-l)) ^ if and only if F' = e{F). 
ii) If F is not globally generated over the line L C X, then Ext^(F, F'(-l)) if and 
only if F is not locally free over L. 

Proof. We assume first that F is globally generated. We have an exact sequence of the form: 

(5.33) ^ K ^B°{X,F)(E)ffx ^ F ^0, 

and if is a reflexive sheaf by |Har80[ Proposition 1.1], hence K{1) is a locally free sheaf 
in Mx(2,l,6), which is precisely 9{F) by ProDOsition l5.14l Applying Homx(— , -F'(— 1)) to 
one obtains Romx{K, F' {-!)) ^ 0, so F' = K{1) ^ e{F). 
Assume now that F is not globally generated. Applying the functor Homx(— , F'{—1)) to 
(I5J9)) we get Ext^(F, F'(-l)) = Ext]^{^L, F'). Indeed we compute Homx(/, i^'(-l)) = 
by stability and we can easily check that Ext^(/, F'(— 1)) = by applying Homx(— , F'(— 1)) 
to (|5.20l) . Hence, since by Proposition |3I7] we have that Ext^(^L,-F') ^ if and only if F' 
is not locally free over the line L, we conclude the proof. □ 

Proposition 5.19. Let F ^ F' be two sheaves in Mj(:(2, 1, 6), fix a general hyperplane 
section S, and assume Fs — F'g. Then, 

i) assuming F globally generated, we have F' = 0{F), 

ii) otherwise there are lines L, L' G X with LClL' e S such that F (resp. F' ) is not globally 
generated over L' (resp. L) and not locally free over L (resp. L'). 

Moreover, the set of sheaves F in Mx(2,l,6) admitting a sheaf F' such that Fg = Fg is 
finite. 

Proof. Assume that the sheaf Fs is isomorphic to Fg. We compose the projection F ^ Fs 
with this isomorphism to obtain a nonzero map F Fg. In view of the exact sequence: 

F'{-1) F' ^ Fg ^ 0, 

it is easy to see that the map F ^ Fg lifts to an isomorphisms = i^' if Ext^ (F, F'{—1)) = 0. 
We can assume thus that this group is non-trivial. This proves d!]) if is globally generated 
thanks to Lemma [5. 181 

Let us now prove the final statement, still under the assumption that F is globally gener- 
ated. Set F' — 9{F) — K{1), and recall that F' is locally free. We consider the symmetric 
square of (|5.33p : 

Sym2(F')* ^ H°(X, F) ®{F')* H°(X, F)®ffx-^ ^x(l) ^ 0, 
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and we take global sections. Since H"(X, (F')*) = 0, A^{F')* = ^x(-l) and 
H\X,Sym2(F')*) = {X, {F')* (g){F')*) = Eiitj.{F',F')* = 0, we obtain an injec- 
tion LF ■■ A'^B°iX,F) ^ H"(X, ^_x(l))- Note that dim(cok(tF)) = 3, hence setting 
Af = P(cok(;,F)) C = P(H"{X, ^x(l))), we define a correspondence: 

A : Mx(2,l,6) -> G(2,8), A-.F^^Ap. 

Clearly we have dim(Ini(A)) < 3. 

Now we fix a general hyperplane section S. Taking global sections of the restriction of the 
symmetric square of (I5.33p . we obtain an exact commutative diagram: 

(5.34) >a2H°(X,F)^H"(X,^x(1)) 

E\S, Sym^ FJ) ^ H°(^, Fs) H"(5, ^s(l)). 

Note that Ii\S,Sym'^ F*) ^ 0. Indeed since Ks = F^, then the exact sequence (|5.33p 
(restricted to S) provides a non- trivial element in Ext^(F5,FJ) = H^(5,F|(g)F|) ^ 
R^iS, Sym^ F*), where we use A^F^ ^ ^s(-l)- 

Then the diagram (j5.34p induces a projection H''(S', i^s(l)) cok(ti?) and so the hyper- 
plane defining the surface S must contain Ap. We denote by G5 = G(2, 7) the set of planes 
of G(2,8) contained in P(H°(S', ^s(l))) = P^ where we use the projective notation for the 
Grassmannians and the projectivization of a vector space is the variety of all its hyperplanes. 
We have proved that if ps is not injective at F, then Ap ^ Gs- Clearly C G(2,8) is 
a subvariety of codimension 3 and corresponds to the choice of a general global section of 
the rank 3 universal bundle on G(2, 8), which is globally generated. Hence, since the section 
corresponding to S is general, using Bcrtini theorem for globally generated vector bundles 
(see e.g. |Kle69] . or |Ott95p . we conclude that the set of planes contained in Im(A) n 
must be finite. This proves the second statement. 

It remains to prove the proposition when F is not globally generated (say over a line 
L' C X, see Lemma [5.12^ . The sheaf Fs thus fails to be globally generated over the point 
X = L' n S. In turn, the sheaf F' is not globally generated, say over a line L C X, and we 
must have either L = L' , ot L D L' = x. 

In the first case, we will show F = F' . Indeed, by Lemma [5.121 we know that F and F' 
fit in dug), (lOOl) . and 

(5.35) ^ /' ^ F' ^ ^l(-I) ^ 0, 

(5.36) ^ ^y, -J> H°(X, F') (g) ^ /' ^ 0. 

Restricting the sequences ^^J^ and to S, we get Is = I's- Note that H^(5, S"*,) = by 

Proposition [331 Then from the sequences (I5.20|) and (I5.36|) . we deduce that {(^*)s = {'S'*,)s- 
But this implies the isomorphism S'y = cayi, and thus the isomorphism F = F' . Indeed 
the restriction map from Mjf (2, 1, 5) — Ms(2, 1,5) is known to be injective, because it 
corresponds to the embedding of F as linear section of Ms{2, 1, 5). 

Then we may assume L n L' = x. By Lemma |5. 181 since Ext^(F,F'(-l)) ^ 0, then we 
know that F is not locally free over the line L. From the sequences (I5.20p and (|5.36l) . we 
deduce that {S'*)s = iS'*)s so y = y' . Set F = F**, and recah that F belongs to M(2, 1, 5), 
so F = for some z G F. Then we have (F^)** = Fg, hence (F')** = F, again since the 
restriction Mx(2, 1,5) — >■ Ms{2, 1,5) is injective. Hence F' is not locally free either, and in 
turn its non- locally free locus must be L' , i.e. we have: 

(5.37) ^ F' ^ F ^ ^ 0. 

We have thus proved (jn]). Note also that, by Corollary 15.151 the conic C = F U F' is such 

that *'(^c) = ^y,z- 
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To check the second part of the statement in this case, we note that, since S is general, 
the curve spanned by the intersection points of hnes in J^^{X) meets S* at a finite number 
of points. Any pair of sheaves {F, F') such that we Fs = F'g with F not globally generated 
determines one such point x. And conversely given such x we may choose in a finite number 
of ways two lines L,i' through x (for there are finitely many lines through x), and a point 
z of ^'{ff LvjL')- This choice determines F and F' as kernels of S'z 6l and Sz ^ (^u , so 
the set of pairs of non-globally generated sheaves {F,F') having isomorphic restrictions to S 
is finite. □ 

Recall that M5(2,l,6) is a holomorphic symplectic manifold with respect to the Mukai 
form, see |Muk84) . 

Theorem 5.20. Let X be a general prime Fano threefold of genus 7, S be a general hyper- 
plane section of X , and let ps be the restriction map from Mjc (2, 1, 6) to Ms(2, 1,6). The 
image ps(Mx(2, 1, 6)) is a Lagrangian subvariety of M5'(2, 1, 6) with finitely many double 
points. 

Proof. Recall that since X is general, then Mx(2, 1, 6) is smooth, by Theorem 15. Ill partlBl 
We have seen in Lemma 15.171 and Proposition 15.191 that ps is a closed embedding outside a 
finite subset R of Mx(2, 1,6). 

By the proof of Proposition 15.191 we have that the preimage of a singular point of 
/Os'(Mx(2, 1, 6)) consists of precisely two points of Mx(2, 1, 6), hence the singular locus con- 
sists of double points. 

The image p5'(Mx(2, 1, 6) \ i?) is a Lagrangian submanifold by a remark of Tyurin, see 
|Tyu04[ Proposition 2.2]. □ 
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